{ 


rennin 


a 
i 
Ke 

2 


~~ 
meres 
er 

~ 
ce 
" da P 
—— 
— 


SS 
Ce 


i 


ary 


—e 


=> ae 


ose vera 
at 


3 


~s 


ae 


a 
+ 
{ 
‘ 


“- 
‘ 


i Soin q 


- 
we 


http:/Awww.archive.org/details/firstprincipleso00wo 


DIFFERENTIAL AND INTEGRAL 
CALCULUS, 


Peeve a” 4 


0%; 


v 
bs 


: 7 
¥ 
2 « 
: 


_ PRINTED BY W. METCALFE A 


7 an 


i 


FIRST PRINCIPLES 


OF THE 


DIFFERENTIAL AND INTEGRAL 
CALCULUS, 


AND THEIR APPLICATIONS, ACCORDING TO THE COURSE OF STUDY OF 


COOPERS HILL COLLEGE.. 


BY 


JOSEPH WOLSTENHOLME, M.A., 


PROFESSOR OF MATHEMATICS AT THE 
INDIAN CIVIL ENGINEERING COLLEGE, COOPERS HILL; 
LATE FELLOW AND TUTOR OF CHRIST'S COLLEGE, CAMBRIDGE: 


TO WHICH IS ADDED 


ELEMENTARY PROPOSITIONS IN 


THE THEORY OF COUPLES. 


BY 
ALFRED GEORGE GREENHILL, M.A.,. 


FELLOW AND MATHEMATICAL LECTURER OF EMMANUEL COLLEGE, CAMBRIDGE; 
SOMETIME PROFESSOR OF APPLIED MATHEMATICS AT THE 
I, C, E, COLLEGE, AFORESAID, _ 


\) London tt 
SIMPKIN, MARSHALL, AND (OO. 


Gghum: WILLIAM F, LARKIN. 
1874, 


INTRODUCTORY NOTE. 


As there is no lack of works on the subject 
of the Differential and Integral Calculus to 
which no reasonable objection can be made, 
it may appear somewhat presumptuous in me 
to have added to the number. The usual 
text-books, however, all contain a great deal of 
matter which is superfluous when looked at from 
the point of view of those for whom this little 
book is especially intended, and I have put 
together the following pages with strict reference 
to the course of study at Coopers Hill College. 
I have given here and there a paper of questions 
which I have endeavoured to make of such a 
character that the student who finds he is able 
to answer them may be secure that he has 


satisfactory knowledge of the subject. 


v1 INTRODUCTORY NOTE. 


As the Theory of Couples is not sufticiently 
developed in our elementary text-books on 
Statics, the fundamental propositions in the 
theory are here given, as arranged by Mr. 
A. G. Greenhill when he was my colleague. 


Coorers Hitt CoLiece, 
Sept. 30, 1874. 
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DIFFERENTIAL AND INTEGRAL 
CALCULUS. 


THE first thing necessary in beginning the study of 
the Differential Calculus, is to have a clear idea of what 
is meant by the limit of a varying quantity, which, under 


Bee g : 0 oo 
certain circumstances, assumes the unmeaning form 0 OF Se 


The definition of a limit in such a case is as follows: if 
U be a varying quantity, which on a certain hypothesis 
assumes an unmeaning form, and A the limit of this 
quantity, then as U is approaching its ultimate form, the 
difference between U and A continually diminishes, and may 
be made less than any assignable quantity however small, 


before U assumes the form = but this difference does 


not become absolute zero before that point. 

Of course we might say that, e.g., when x approaches 
the value 2, x* approaches the value 4, and thus that 4 
is the limit of x” when x approaches 2, but in such a case, 
where the function (x*) has always an intelligible meaning, 
it is simpler to say that 2 is 4 when x=2; but suppose 


4 1 
we have x= 24+ — : , , and therefore 2’ =4+ atm then 


as z is indefinitely increased # continually approaches 2, 
and a continually approaches 4, and the differences x — 2, 
a*—4 may be made less aca any assignable stant 
however small; and in such a case we should say that x 
has 2, and 2” habs 4, for its limit, since in this case a is 
not Abeokitely =2, nor z =4, fi any finite value of z 
however large. 


B 
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ene sin x tan x 
Good examples of limits are —— and 
wx 


, when x 


tends to 0, for we know that x being the circular measure 
: ; 
of an angle —~< land >1 -=, whence 1 -—*> 0 and 


xe ; sin x” ; tae ie 

<5 whence the difference 1 mae continually diminishes 
as x diminishes, and may be made less than any assignable 
quantity, however small, before =0; whence the limit of 


sing. ; sinz . : 
PES 1. When « is absolute zero, —— is unmeaning. | 
x 


; : : sin 2 
This result is however, for shortness, written (=) = 1% 
, 2=0 


but the true meaning of such equations should always be - 
borne in mind. | 


tana x sing bape 
So also —— = —— -——; therefore, the limit of 
x cosx 2 
tanx sin x 


= the limit of age Dy which, as before, is written 


tan x 
c 
drawing the curves y=sinz, y=tana; 7.e. measure off on 
the straight line Ox any length OW (fig. 1) containing as 
many units of length as x contains of angle (in circular 
measure), and then draw MP at right angles to Oz and re- 
presenting on the same scale sina, then as x increases from 0 
to 47, y increases from 0 to 1 and is positive; from #= 47 
to 7, y decreases again from 1 to 0, and is positive, while 
from 7 to 277, the same arithmetical values recur in the same 
order, but sina is negative, and the corresponding curve 


. * * . - Sinz * 
is on the ‘negative side of the axis of x Here —— is 
x 


) =1. These results are best illustrated by 


always represented by tanPOWM, and since the limit has 
been shewn to be J, the limiting value of the angle PO, 
when M moves up to A, is 47; but the limiting position 
of PO when M, and therefore P moves up to O, is what 
we mean by the tangent line to the curve at O. Hence 
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the curve crosses the axis of # at O at an angle of j{7; 
and also does the curve y = tana (fig. 2). 

Another good illustration of the meaning of the word 
limit is given by considering what is meant by saying that 
a railway train, which may be continually varying its speed, 
is at any given moment moving at the rate of so many 
miles per hour. Every one, I believe, has a very clear 
conception that this is so—that at any one moment the 
train is going at one particular speed; but if we try to see 
how this is to be defined we are led at once to that’ par- 
ticular kind of limit which is called a differential coefficient. 

Suppose that during ¢ minutes the train has gone over 


s yards, then if the rate were uniform : would be the 


number of yards described in one minute, and this is true 
however large or however small t may be; whereas, if 


the speed be variable, : will be continually changing, and 


will only represent the average velocity during the portion 
of time ¢ In this case if we take ¢ continually smaller 
and smaller, this fraction will approximate more and more 
nearly to the velocity which the train has at the middle 
of the time ¢; and the speed at any particular moment 
will be the limit of this fraction when ¢ is indefinitely 
diminished. Thus, to fix the ideas, suppose the train is 
so moving that the space described during any time ¢, 
measured from a certain epoch, shall vary as the square of 
t, say s=at’, then if during an additional time ¢’ the space 
described be s’, we shall have s+s’ described in the whole 
time ¢+?#, or s+s'=a(t+?')*, hence s'=2att'+at", or 


U 


8 Se : : : 
y= 2at + at ; @.e. the average velocity during the time ¢ 


is 2at+ at’, and diminishing ¢’ indefinitely we obtain the rate 
at the end of the time ¢ to be 2at. If we now change our 
notation a little, putting As for s’, A¢ for t, we have 
As 


Ag 2st + At, and if we denote the fact of taking the 
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limit by putting d for A we obtain © = 2at, and we have 


found the differential coefficient of the function at* of the 
independent variable t. If then y=aa*, we shall have 


YY — 200. 

The first notion of a differential coefficient was that of 
a velocity, time being in its nature an independent variable 
which we cannot conceive except as uniformly increasing, 
x the space described in a given time, then the speed, or 
velocity, at the end of that time was called the fluxion of 
x, and denoted by z. | 

The general definition of a differential coefficient is as 
follows; if y be any quantity depending on another magni- ~ 
tude x in such a way that the number representing y can 
be expressed in terms of the number representing x, by 


such an equation as y= (x), then the limit of A ie b(z). 


when h is indefinitely diminished, is the differential coefficient, 
or first derived function, of y with respect to x, and it is 


denoted by either of the symbols “2 d' (x). 


This quantity will of course itself be a function of a, 
and will have different values when different values are 
given to 2, thus ¢'(a) denotes the value of ¢' (x) when 
x is put =a, ¢'(0)-its value when z is put =0. If we 
repeat the operation, the result is called the second diffe- 


rential coefficient, or second derived function of x, and it 
2 


yee ie ta " 
is written either 7 , or $” (x), and so on for any number 


of times. 

There is no harm in writing the equation og (a) 
in the form dy=¢q'(x)dx, provided we bear in mind 
that this means that the two members of the equation 
_ Ay=¢' (x) Ax tend to have to each other a ratio of 
equality when both are diminished indefinitely. When 
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such an equation is used the members are called diffe- 
rentials of y, and of ¢ (ax) respectively. 

Another most useful way of considering a differential 
coefficient is by drawing the curve y=¢(«), which cau 
always be done, or conceived to be done; for whatever 
the relation between « and y be, we can by measuring 
off a sufficient number of values of x along a fixed straight 
line, and all the corresponding values of y at right angles 
to them, obtain as many points as*shall give a-clear notion 
of the form of the curve. 

_ Suppose then OM=2, MP=¢(x), MN=A (fig. 3); 
therefore ON=x+h, NQ=¢(«+h), and draw PR perpen- 
dicular to NQ, then RQ=¢(a+h)—¢ (a), orif QP meet the 
p (x +h) — > (2) 

I : 


Now when 


axis of 2 in U, tanPUx= 


@ moves up to P, the limiting position of the straight 
line QPU is the tangent PZ’ to the curve at P, or 


tan PTx = limit Hes 7 ra gd ed 2 or ®' (a). 


Of course if we solved the equation for 2 and obtained 
it in the form z=w(y), the curve represented by this 
equation would be the same as before, since all the values 
which satisfy one must satisfy the other, and since we 
should then have exactly as above tmPL'y =, we 

dedy 

We will now proceed to find the differential coefficients 
of simple functions of a. 


(1) a", m being constant, 7.e. not changing as x changes. 
Taking y=", we have 
y + Ay = (e+ Ax)" or (a +h)", or Ay=(a+h)"—2", 
Ay (x+h)'—2" , 2" hy" 
and aaa h a5 {(1+3) -1. 


Now the expansion of (1+z2)" by the Binomial Theorem 
is arithmetically true whenever z is numerically less than 


- 
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1, whatever may be the value of 2; hence since h has 
Deas ea F h < 

here to diminish indefinitely , > must be numerically less 


than 1, before arriving at the ultimate hypothesis h=0, or 


(142) ata ee 
x 12) ees 
ree ios 2 
therefore OY ona 1445 + —_ be (n= Lies © +. : 
Ax [3 z 


The quantity in brackets terminates when n is an integer, 
but has an infinite number of terms when 7 is fractional 


7. 


. . . h 
or negative, but is in all. cases convergent when oh 


and reduces to 1 when & and therefore “=o, hence 


4 na * | 
4 - A , a—1 
(2) y=a", yt Ay=a", Ay=a' (a*—1), reed ae 
ly ®: AW tas a’*—1 
or Bp x limit of (S a e 
Now a halt hloga ty (log a)? + 


ayo 
therefore “ ] : =loga {14 a 5 logatog is 3 (loga)'+ te 


But the series 
42 h* fa 
5 loga +35 3 (loga)" + 
is >1and <1 - loga+ f loga) + a loga) “tea 


| 1 
and therefore >land< ; 


1 —5 loga 


when / has been so‘far diminished that * loga <1, and 
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since these limits each =1 when h=0, we have limit 


h — 
(* ") =loga, and hs a loga. 
h=o- 


h dx 
(3) y =log,x, y+ Ay=log, (e+ h), 


Ay=log (x+h) —log «=log, (1 -) : 


AY =i tog, (142) = 712-5 St 5 en J 
& oy ! 


h Rie Re ott Bo" “Toga 
eA ee : 
~ « loga hk ae ee ot es 
whence Sgn the series in brackets being easily 
dx x loga’ 


proved as in the last to reduce to 1, when the limit is 
taken. 


(2) and (3) can be obtained independently for such 
students as have not read the exponential series. 


oi sree 2 (a—1 
5 (a*) has been shewn =a" x ( Poe 


d 1 h 
and — (log,z) =; log, (1 + ah. 


We will find the latter limit first, as the former is 
immediately deducible from it. 
Putting 4 = xz, we have 


1 1 2 
oy (Ba (1 +2) or 7 Ba (l+2)?, 


and since when h=0,2=0, we want to find the value» 


of the limit (1 +2):_.. 
Now, since z is to be ultimately 0, we may assume it 
1 


“<1, and therefore expand (1+ 2)’ by the Binomial Theorem, 


giving us 
ao) 
ee 
1 Z\2 - 


Lie 2+ ae oe Pics 


8 DIFFERENTIAL AND INTEGRAL CALCULUS. 


or } ; 


iit J =22) (t= 32) |. 


Bat the limits of 1—z, 1-22, 1--3z..., 1—mzy are 
all 1 when z=0, for all finite values of ; hence the 
required limit is the limit of the sum of the series 


1s ee +...f0 &, 


rp 

Ete 
a certain abstract number which is usually denoted by «. 
d 1 1 : 

Hence a (log a) =e log¢, or © local the base ¢ being 

supposed when none is written. 
h — 
Now to find (—-) , take the numerator =w, and 
h=0 - 

therefore h=log,(1+u), and when h=0, u=0, hence 
a A\ > a u yo 5 Seas 

(“ e = {ie i was aloe from the limit just 


x 


a =a’ loga. 


(4) y=snmx; Ay=sinm(x% +h) —sinme 


di) 
previously found; whence — (a’) = ieee 


. mh mh 
—F an cos (m+ =i ; 


oe PE 


Ay = aaah cos(ma +2") =m a cos x winid 
Att ee mh eS 5) ’ 
2 
. m 
i sin — 
or > he m cosmx, the limit of — being 1. 
2 
f 
(5) y = Cosma, 


Ay =cosm (x+h) - cosma, =—2 sin sin (mae +) ; 
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=e aE sin (ma + =) 
Ac mh Wis 
2 
therefore Cele m sinme. 
dx 
(6) y =tanme, 
sin mh 
Ay =tanm (x +h) OAD I (thy? 
Ay _ BS sin mh 1 ; 3 
Az —— mh“ cosmx cos(mx+mh)’ 
therefore dy = ne =m sec’mx or =m (1+ tan’ma). 
dz cos mx 
(7) y =cotma, 
: sinmh 
Ay = cot m (x+h) — cotma=— sar ca Canaaie 
Ay _ € sinmh 1 é 
Az mh * sinmax sin(ma-+ mh)? 
or see or =m (1 + cot?mz). 
dz simmax 
(8) y = secmz, 
Ay =secm (a + h) — secmx 
| j me ees sin (ma-+ ) : 
gee is 4 2 2 
~ cosm(a+h) cosmx  cosmxcosm(x+h) ? 


sin mae sin (me + mt 
Ay _ a 2 2 
Az — mh_—=cosmx cosm(a+h)” 
2 


dy msinmax 
or =— = —>— = m secme tanmea. 
dz cos mx 
The inverse trigonometrical functions may be diffe- 
rentiated by means of the results found for the direct ones; 


but to avoid the ambiguity + it is advisable to lay down 
C 
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the rule that sin™(x), cos’ (x), tan“ (ax), shall always be 
interpreted as acute angles, positive or negative; 7.¢. as 
lying between —42 and 47. This rule will avoid many 
perplexities and risk of errors. 


Set ho 
(9) y = sin (=) : 
therefore. x=asiny, «+ Axv=a sin(y+ Ay), 


or Axv=a {sin(y + Ay) —siny} =2a sin cos (y+ 42). 


2 
ab sin = y 
to ee ay cos (y+ <2) 5 
2 
dy dy 1 Pate | 


therefore 1=a 


dz eo dz acosy  \(a*—a*)’ 


The angle y being by our rule between + 4m and — 47, 
its cosine is positive. If that rule be not followed we must 
write 


sin” (= ) + cos*(=) = dor. 


(11) y=tan(=), 2 =a tany, 
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dy a 
therefore hs — Ota ° 
(13) y=see"(=), 2=a SEC Y, 
gS aay dy to 
eg secy hess ale 2 /(=)- "9 
ha dy a 


dx x(x —a’)’ 
Students often find it difficult to remember when and 
where to put the a which occurs in some of these differential 
coefficients. This can always be settled by’ considering 
x and a to represent the lengths of certain lines, which 
in fact they generally do. In all these cases (9)...(13), 
y being the circular measure of an angle is a pure abstract 
number, whence =! , and therefore ay must be a symbol 
x dat 
represented by an abstract number + a number representing 
the length of some line (where the unit of length may 
be any whatever), or in other words each result is of —1 
dimensions in space. Hence, when /(a?— 2”) is the de- 
nominator, the numerator will be a number only, or no 
a is wanted; but when the denominator is a’+ 2", or 
x »/(x* —a*), we must have a symbol in the numerator which 
is of one dimension in space, and the a is required. ' The 
proper sign to be affixed can be always supplied by con- 
sidering whether the function is one which increases or 
diminishes as x increases. If the former, the sign is of 


course positive, since Ay, Aw must be then of the same 
. d . *,e . fe ae . 
sign, and therefore =! ig positive, if otherwise negative. 


dx 
Thus 


d- Si *(2) a tan”(*) are positive 
daz |” \a/S? dx a P , 
d “(2 d Pe (= 6 
Fa cos =) > Te co =) negative. 
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DIFFERENTIATION OF COMPLEX FUNCTIONS: 


The differentiation of complex functions can always be — 
made to depend upon that of simple functions by the 
following method. 

Let y be a function of z, 2 being a function of x, and 
suppose that when x receives an increment Az, z receives 
an increment Az, and y in consequence an increment Ay; 
then since a= | =! ~~ always, oy ao oe 
2 = - a “ and so on through any number of steps . 
ua may be necessary before arriving at the simple func- 
tion of x. These processes should, however, be performed 
by a mental operation only ; thus, if y=log sina, we may 


put sina =z, and therefore y= logz, whence 


So also 


of, ce el = CORE Se ee 
dx dede 2°” sna " ms 

This should be written 
dy Loe te 


~~ == sin x) = cota. 
dx Se cd 


t___ © ttan(4r+ 42)} 


So © log {tan (m+ $2)} = tan (f+ Ja) da 


da 


= cot (im + $a) sec’ (im + $2) - (jm + $2) 
= cot (4ar+ $a) sec” (4or+ 42) . += 2 sin ten oy cos (47+ bar) 
1 1 1 


~ sin2 (47 + 4x) ~ sin (4a + 2) ~ cosa’ 

The differential coefficient of the sum of a number of dif- 
ferent functions of x is obviously the sum of their differen- 
tial coefficients; that of a constant is zero, and that of a 
function of x multiplied by a constant is the differential 
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coefficient of the function, multiplied by the same con- 
stant. 


(For if y=u,tu,+u,t-.., Ay=Au,+ Au,+..., 


if y=a, dy=0; 
and if y=au, Ay=adu, 

dy du, du, du 
and the values of qe tt? + oy +..., zero, and a As 


respectively). The differential coefficient of the product of ~ 
any number of different functions of x is formed by differen- 
tiating each function as if all the others were constant, and - 
adding the results; for if 


Y =UU,.--Uy,y logy =logu, + logu, +...+ log w,, 


} 1dy 1du, 1 du 1 du 
h ao te : . a a eee a EM. 
eereiore ydxe u, dx " u, da ae u, dx’ 
or as is u+tu 2b occ U. Koco t U.Unoe et du, 
dx d. 2°83 n td. 3 n 1 ea n-1 dx 


- The rule for a quotient may be deduced from this, or may 
be found by the same process, thus if 
=~, logy=logu—lo oa —- =} 
Pot oe 8 6% y de ude v dx’ 
du _ do 
dy "dua * dx 
dz vo ‘ 
the result, which is often put into words as a rule to be 
remembered, but, in my opinion, that process by no means 
makes the rule easier to apply, and it is very doubtful if 
it is worth while having a separate rule for a quotient. 
Certainly if the index of the denominator be other than 
unity, it is rather better to differentiate the whole function 


therefore 


considering it a product. Thus if y= xz» we get,. 


et 
(a+ax)3 


4 Za% — 3 
by the rule for quotients, es Epsart OF, . % > Hig +9) 3 
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from which the useless factor (a +x)? must be divided out 5 
now, differentiating it as a? (a+) %, we have 


3x* (a+ax)—5xt  x*(3a—2z2) 
2(at+az)t 2(a+a)t ~ 


Probably, however, it is better still to take the logarithm. 
of both sides before differentiating, as is done in proving 
the rule, thus 
logy =% loga—§ log(a+z); 
ldy 1(3 5 \ 3a — 2x 


eee y U5 \-aae ~ 2a(at+a)? 


3at(at+ax)#— §at(at+ax)i= 


dy _ (83a—2x) at 


ie dx 2(a+a)t * 


The last method certainly gives the least chance for 
mistake. 

An expression of the form u’, where uw and v are both 
functions of x, is: best differentiated by taking its loga- 
rithm. If 

y=u’, logy=v logu; 


; ldy _dv v du 
therefore ae eo logu + - oe 
dyer sw iyoy # 
0 Tp! gg tM logue 


It is to be noticed that the two terms of this expression 
are what we should have obtained by differentiating the 
whole expression considering (1) » constant, (2) w constant, 
and adding the results together; for if « were constant, 


the differential coefficient of u’ would be u’ logu a and 
du 


if v were constant, vu”* Tn" This is indeed an invariable 
rule; if y be a complex function of x, then, in whatever 
way the various simple functions, of which it is composed, 
be connected together, the complete differential coefficient 


of y is the sum of all of what we may call partial diffe- 
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rential coefficients obtained severally by considering all 
the functions but one to be constant. All the above rules 
are included in this. ‘This may be expressed as follows: if 
y= (u, v, w, ...), where u, v, w are functions of x, ~ 
dy (dF\ du | (dF dv gee 
2 slg () zoe (ss) Tet? the brackets signifying 


partial differentiation, viz. that in forming (a) all the 


functions v, w, ... except w are regarded as constant. 
Thus, to differentiate 2”, (1) considering the upper a’s 
to be constant, we get 2* x a**-’, (2) considering the centre 
x as the only variable, and the differential coefficient is 
 e& loga.x.a** or ax” loga, (3) considering the upper x 
as the only variable, and we have a” loga (a loga) or 


xx (logx)’, whence the true value of - is 


eat \; + loga+ (log 2) : 


This may be tested by taking the logarithmic differential 
coefficient of both members of the equation y=2™. 


(JUESTIONS ON THE PRECEDING. 


1. Define the terms function, independent variable, and 
explain what is meant by the limit of a function which for 
a particular value of the variable assumes an unmeaning 
form. Prove that the limit of secx — tana, as x approaches 

“the value 47, is 0; and that of sec’x seca tana is 4. 


2. Give examples of functions which are limited in 
either sign or magnitude although the independent variable 
on which they depend is capable of all values from — 0 to 
eo. State how-any of the following functions are limited, 
x being capable of all values: 


| 1 L l\’ wet+atl 
sinZ, tane, 2° +3, (l+a)z, (1+-), Pay aw te 
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x 


age 1 =, 
3. Prove that the limit of (1 + =) when 2 is increased 


indefinitely is os limit of the sum of the series : 


1 
ee b+ pe +...4— +... to o (ore); 


fe E ‘B is 
and that the corresponding limit of (1 + =) is that of the 


a” 


bi 


sum of is series 1+a+ th pee te cc, and is 


lA 


also e”. 


4. Deduce the limits of ~ log, (1 +2) and of e 5 


when z is indefinitely diminished. 
Prove that the limit of the product 
ips ee, 2 
a+1at+1ab+1- a"41’ 
loga 
a—1- 

5. Define the differential coefficient of a function of any 
independent variable. Give a geometrical illustration of — 
the meaning of a differential coefficient, and prove that if 
¢ (x) and ¢' (x) be finite and continuous, 


b (x+h) = (x) + hd' (x+ Oh), 
where @ is some proper fraction. Obtain the differential 
coefficients of ./(x), (a+ ax), and /(a* —z’). 
‘6. Qbtain the differential coefficients of 
x",a’,e,e””, log a», and log {a + /(1+ 2"). 
7. Differentiate 
sinz, cosx, tana, sin’x, log tan(4a+ ha), log tan4z, 
sin” (sine—cosx), and log {sinz + cosa +/(sin2z)}. 


when 7 is indefinitely increased, is 


8. Prove the rule for differentiating any product, or 
quotient, of different functions of x. Differentiate the pro- 
duct (1+ e+") (1-—xv+2")(1—a’+2"), simplifying the 
result. 
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INTEGRAL CALCULUS. FIRstT PRINCIPLES. 


Having investigated methods of finding the differential 
coefficients of any functions of a2, the next thing in the 
natural order of the subject (just as division succeeds 
multiplication) is to reverse the process, and to enquire 
after methods which shall enable us, when the differential 
coefficient is given, to determine the quantity of which it 
is the differential coefficient. This is a very different 
matter, and we cannot assert that it is always possible. 
If a function can be expressed in terms of x by any known 
algebraical symbols we can find its differential coefficient, 
but we can only reverse all these processes to furnish us 
with integrals of certain functions of #, and if we cannot 
by any of our methods reduce a quantity whose integral 
is sought to coincidence with a known result of differen- 
tiation, we are at a stand. 

Thus having investigated the properties of the function 
- of x which we call its logarithm, and having found that 
Fy os *) is, we say (meaning the same thing, neither 
more nor less) that the integral of - is logw; but if we 
had not known the properties of this function we could not 

. 1 ‘ 1 
have integrated =. No one can integrate Vana) and 
many other apparently simple functions. 

The notation adopted in the Integral Calculus is as 


follows: if oY ¢ (x), and y= (x), then [ (x) dx = (a), 


or more correctly = yf (x) + C, where C may be any constant 
quantity; that is, any bigeurue independent of z ‘This 


constant is necessary since | = fy (p= be an lv (a) + Ch. 


The reason of the notation will a Los seeaneea 
at present it will be better simply to accept the equation 
D 
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So (x) dx = (x) + C, as meaning that the differential co- 
efficient w' (x) of w(x) is d(x); or, in other words, that 
the integral of ¢(x) isw(x)+C. Such result is called 
an indefinite integral. If no other data are given, C cannot 
be determined, but every value will answer the caves 


spdy gra d 
Thus if is SOs =" we know that 7 (x)} = ia 
and therefore Y 9 £ (a) = £9 /(a)}, and therefore 


2 (y —2/x)=0; whence we must have y—2 /(#)= 
where C may be any constant quantity. Suppose, however, 
we have the farther datum that when 2=1, y=0, then we 
have —2=C, «t.e. C=—2, and the general relation is 
y=—24+2 V(x). Such a result is called a corrected in- 
tegral. If, finally, the thing sought be the value of y when 
x=4, then we get from this equation y=2. This result 
is written 


| . Fa = 2 and is called a definite integral. 


In general 


| p (x) dz = vy (x) + C the indefinite integral. 
| d (x) dx =p (x) — (a) corrected integral. 


| : (x) dx = (b) — (a) definite integral. 


The case in which C=0 is very mers and such 
a result is generally written Jo (x x) dx = (x) (+ C=0). 
The best illustration of integration is given fe considering 
the result sought for as the area of a curve bounded by 
the axis of 2, any two ordinates, and the curve. Thus 
suppose aPQb (fig. 4) to be a curve, the ordinate MP at 
any point being a known function ¢(x) of OM or x the 
abscissa, take ON=a+Ax, NQ=y+ Ay=¢(x+ Az), 
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then if U denote the area aAMP measured from any fixed 
ordinate aA,*then U+ AU=area aANQ, or AU=area 
_PMNQ, which for all forms of the curve, provided ¢ (x) 
is not infinite, will lie between the areas of the two rect- 
angles PN, MQ or between ¢ (x). Aw and ¢ (@+ Az). Az; 


hence AM lies between ¢ (x) and ¢(a+ Ax); or 
Te Pe = ve 


Now suppose w(a) to be a function of x, such that 


¥ (2) =¢ (2), then - 


dU ad 
Te ag (Uh or U-¥ (@) = 
0.6. U=- (x) + C the indefinite integral. 


The original differential equation is obviously true 
whatever be the position of aA, and hence the necessity 
of an undetermined constant in the integral. As soon 
as the initial ordinate Aa is chosen this constant is de- 
termined; for if OA=a, then when x=a, U=0, or 
O0=y(a)+C, or U=W (x) -— (a) the corrected integral. 
If the final ordinate be 6b, where x=0, we shall have 
ar (b) — (a) the definite integral, which is written, before 


determination, as [ d (x) dx. some Pt 


The meaning of the symbols {¢ («) dx is the limit of 
the sum of an infinite number of magnitudes such as 
$(x).Ax when Az is made indefinitely small, ¢.e. in the 
figure of such quantities as the rectangle PN, for if the 
whole base AB be divided into 2 equal parts, each = Ax, 
and on each be completed rectangles as PN, MQ, the 
sum of all the internal rectangles as PN will be less than 
the area of the curve aA Bb, and the sum of all the ex- 
ternal rectangles as MQ will be greater; but the sum of 
the former or = {¢ (x) Az} is 


Az [o(a)+ 6(a+ Ax) + $(a+2Az) +...+ 6 {a+ (n—1) Az}], 
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and of the latter or = {f (a + Ax). Az} is 
Az {ph (a+ Ax) + ph (a+ 2Az) +...4+.6(a+ nAz)}, 
a+n. Au being =, 


and the difference of these sums is Ax {p (a+ nAx) — ¢ (a)} 
or Ax {d(b)— (a)}, which vanishes when Ax=0; hence 
the area of the curve lying between these, which in the 
limit coincide, will be equal to the limit of either, or 


a (b) — p (a) = the limit of Aw [¢ (a) + (a+ Az) 

+ $ (a+ 24x) +...4+ 6 [a+(n—1) Ax}] when Axv=0, 
_and each element of which this sum is composed is of the 
form ¢(a#) Ax, x having successively all values between 


a and 6 when Az is made indefinitely small; the whole 
of which facts are succinctly and conveniently recorded by 


the notation { f(x).dx, the f being originally only the 


long s, and being used as being the initial letter of the 
word sum. 

Every differential coefficient, which has been inves- 
tigated, gives rise to a corresponding integral: 


(1) = (a°") = ma"*; or fma” ‘da= a", or fa "de =— 5 : 
but to apply this in integration it is more convenient to 
m+1 


1+ G: 


m x 
put m+1 for m, so that fx dn=— 


(In simply transforming differential coefficients we shall 
omit the C, but it must on no account be omitted in any 
application). 


(2) = (loga) = = or [F- loga. 
Here it may be asked why this integral is not deduced 
at once as a particular case of (1) by putting m=—1, 


: 1 F , 
since then x” becomes as It will be seen that in that 


m+1 


a 
case net 


becomes oo for all finite values of x, whence 


‘+= 
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we conclude that C must for that particular value of m 
have an infinite value, and we deduce the special case as 


gt Ae es : C', 1 
follows: fa"da = tos eae ———-+(', since —— ee is also 
independent of x. Putting in this m =— 1, we have 


gt 
Be = OF Limit of (* *) 
x m 3 1 m+1=0 


SO abate of (= si 
U 


) = C' + log. 
(See the first chapter of Differential Calculus). 


d x zx 
(3) © (a’)=a" loga; 


therefore a°=loga fa’dx, or fa'dx= 


a 


loga’ 
_ These lead also to the integrals 
ag (etal dx 
fia +a) , arrears pa : [Fa-3 - log (ax + b). 


Of course, as in differentiation, a constant multiplier 
appears in the integral as a constant multiplier also, 7.e. 


fag (x) de =a Jo (3) de 
dx 1 1 1 
(4) ees > oa Gaeta ® 


1 1 
= 2 flog(a+a)—log(a- 2)} => log 


a7*) 
a-— xz)” 


This is if <a; if «>a, we should have = og (22). 


a 
(These two forms differ by the constant, although unreal, 


quantity — log (~1)) 


ae | ao 
(5) = (sinax)=a cosax, fcosaxdx= ~ sinas. 


: : 1 
(6) = (cosax) == a sinax, fsinaxdx=— = cosa. 


- 
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(7) Le (tanax) =a sec’ax, fsec’axdx =* tan ax. 


i fot} --ae-a) 


aimee.’ pink Te [2 
therefore lagoait sin (=) , or — cos (=) : 


(differing by 477). 


d uy 2 2 
(10) “ log |? ec) 
1 x I 
< wt Nae)’ t "Vex of ~ Vata)? 
de, (at (a'ta’) 
therefore | Tita) 7 a) thee ; 


_ (There is no absolute necessity for the a in the denomi- 
nator of the log. It will be found in practice to be simpler 
to use this form than the one without the a). 

These are the fundamental integrals and should be 
remembered; other integrals can, by various transformations, 
be made to depend upon some of these; but every in- 
tegration is finally an act of the memory, and the different 
processes of integration only consist in bringing the integral 
operated upon into a form which the memory recognises. 
Practice only can render any one expert at the trans- 
formations required; but the general formula is as follows: 


Suppose a =¢(x), ae. y=fb(x)dx, then if we can 
ine ace dy — dy dz. 
simplify ¢ (a) by putting x=/(z), we shall have Foe ae 


dy dy dx 
therefore e = 4 ao b { f (z)} .f' (2); and therefore 
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y=Io {f(2)}.f (2) dz; ¢.e. we must substitute for « through- 
out the whole of the expression under the sign f, putting 
f (2) dz for dx as well as f(z) for x As a good example - 


d. = | 
take pat putting «=z, and therefore «= logz, 


oT 
“heer therefore 


dz 
dz r 2 dz 4 ; 
= —=_ —— ———— ee Sy = ia ( yh 
l= | : fae tan’ (z) = tan’ (e") 
ae 


This process. may also be written, without using a new 
symbol, as follows : 


dx & -1/,2 
- = = = tan (¢€ }. 
e+e" -(-4 pO. (=) 


1 1 
V (at bx + cx’)? a+ bat cx’ 


The expressions , can be 


reduced to known forms by “completing the square,” as 
if arranging the quadratic involved for solution ; viz. 
ba FP b? 
a+ ba + ex =0(a' +—+ w)te-z 
é: 3 40 4c 
ite (x4 =) 3 4ac — 6° 
- 2c 4c 


b 
_ Hence, putting x + an 


| di =| dz 
| a 2. 9 
V(a + bx + cx”) J (ot +=) 


which is of the forms (8) or (10) according as ¢ is positive 
or negative, and 


[ dx 
— 
atba+cu*® j4ac—b ae ; 


which is of the forms (4) or (9) according as ¢ is positive 
or negative. 
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The integral | GrOalit eae is reduced to one 


of the preceding by putting «+a =* : 


petq per - 
The forms laa ker)” and eres er Tos also 


to be integrated by “completing the square,” when they 
PO+d Psst eee 

/(m+cz")? m-+c2"? V(m-+ c2*)? m+c2"? 
become known forms by the substituting z°=wu. It is not — 
at all worth while to complete the integration of all the 
special cases; the method by which they are reduced to 
known forms is what should be attended to. I will take 
an example of each form. : 


take the forms 


x+4dx aa 
V(a@'+4e+3) JV {(a+2) 


(1+2) dx 
Gigs i ia (CEE), —1}?’ 
and 


(x+2) dex {(a+ 2)? y 
5 (w+2—1) “the {(a +2)" — =v {(@+2)'-1}, (1)5 


also | fae 
/{ oa —1} 0 Jn {(a+2)?—1} 
= log[a+2+//(a+ 2)’- 1}], (10); 
therefore 


x+4 : 
| V (a+ 4a+3) dac=1/(xe'-+ 4a +3) +2 log {a+2+/(a'+4a+3)}. 


(8) wna 4) dx - (6 


4+ 4r+3 eI 


= [SA foc 
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(Such however had better be done at once by assuming 


ert A o B 
w+4e+3 e2+1 243° 
@) [7 22+ 3 22+1 pie d (2”) [72 
/ (3—2a—z2") ~ J V/(4— 2”) V (4-27) Ja/(4- 


2 /(4—2") +sin™ ae ‘/(3— 2a - 2) + sin” i) ; 


2 
» [ (Qu+38) ee. d (2") dz 
(8) PSP RS pe dag Posy ake =[a~ rg 244 


=log(z*+4)+4 tan” (5) 


é | = log (a? + 2x +5) +4 tan 5 


The other general method employed for effecting in- 
tegrations is what is known as “integration ‘by parts,” 
dw 
dx 


du at ae dw du 
w= [ov 7 de+ |u Te on or fu Fa da= ww |v Pa 


; pee 
Thus, to integrate x sinax, put w=za, 7. = sinaay, and 


and is founded on the formula 2 (wv) =u—+4 a whence 
dix die 


1 : 
therefore v =—— 7 CO8ae; in the formula, when 
Osaw | a sin ax 
x sinaxdx = —— = cosas + da=—— cosax + — a 5 


dv Me fe | 
similarly for x cosax, put w= 2", Ty = COSA and therefore 
x 


- 


| 
v= -— sinaxz, whence 
a 


a ee are, 2 ; 
x cosaada = — sin ax — — xz sinaxdx 
a 


xe, 2x oe 
= — sinax+-—> cosax —-, sinax. 
a a a 


E 
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: ‘ ma os Ne 
Again, to integrate e™” sinna , put (1) w=s"", 5. = sinner, 


and ~  é™ cosnx 
oleae E 5 
therefore v =— -, Cosa, OF 
i cosna m 
[en sinnadx = — é”” Sewer Wes Je" cosnxdax.....(A) 5 


x 


: eae 1 
and (2) put u=sinna, In’? and therefore v= 6 i 
and we have 


i e”* sinnadx =e" ———~ — — | e”” cosnada.....(B). 
. m m 
(A) and (B) together determine both imtegrals, subtract . 


(B) from (A), and we get | 


mn cosnx  sinna 
(* + =) é™” cosnadx = *( + ) ’ 
m n m 


| Mm Ccosna+n sinnx 
or e"” cosnada = e”” 3 ) : 
m+n 


multiply (A) by = , (B) by = and add, when we get 


(= + n) fe” sinnadx =e" (an See 
m n ee os 


ine (M SIN N®— nN COSNX) 
m +n” 


fe" sinnada =e 


Another important integral f\/(a* — x") dx may be found 


by putting w= /(a"— =), ae =1, and therefore v=z, then 


and 


f a” dx oe deat sin? — [y/(at —2") de; 


(ea) ~ J 2") 
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a 


therefore 


[Mla 2") de =o y(a'—a") +a? sin — [y/(at —2") de, 


/ 


and therefore =4 {x J (a? — x”) + a? sin™ (=) : 


As this is one of the most frequently occurring integrals, 
it may be well to mention that the result may be obtained 
directly by considering the area of a circle, centre 0, 
radius=a, P (fig. 5) any point of the circle) OM=z, 
MP=y, then 2*°+y'=a", or MP=,/(a*—<z’), and the 
area AOMP= f{\/(a*— 2”) dx, corrected so as to vanish 
when x vanishes. But this area =sector dOP+ APOM, 


Sia sin(=) +4a/(a’—2’), whence 
| iat = afin = 2 1m wilat 20) + sin(2)| : 


and no constant will be wanted if the integral vanish when 
x vanishes. 

Another important integral f/(2ax— 2") dx is at once 
reduced to this by writing it {\/{a*— (a—a)*} dx, which is 


therefore =4 (x—a) /{a*—(a—a)”*} +5 sin” (2—*) , but in 


this form the integral will not vanish when a vanishes, 
but when 2=a; and as it is generally better to take the 
integral of such a form as to vanish with a, we must add 
such a constant to this as will make it do so. Now when 
Ta 
A 


x=, the above result becomes - , and therefore 
should be added, and the result will be 
— /(2ax — x”) + > {im + sin™ = “| ; 


z— a 
or 


2 
nen or) 
/ (2ax a’) + > vers a 


wL— a xL— a 


=, 


or «=a (1 —cos@) =a vers6), 


(For if 47+sin” 


—— AID (9—Ain) =—cos8, 
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This integral [\/(2aa2 —<2°) dx may also be found directly 
from the area of the circle. C (fig. 6) the centre, radius 
OC=a, OM=2x, MP=y, then 


yt+a—af=a’, or y= (2ax—2’) ; 


therefore area OMP= J, (2ax— x") dx, corrected so as to 

vanish when x=0, = sector OCP+ ACMP; but whichever 

= ; ef / (2ax — x"), the 

second term being positive or negative correctly. 
Integrals of the form 


; 2 
it be, the whole is 5 vers(2) + 


[ die f dx [ ida 
a+bsinaw’ Ja+bcosx’ Ja+b cosx+c sinx 
can be reduced to known forms by the assumption tan 4v=z. 


Thus 


2dz 

da 142 

Sa TEE a [df otoge = log tan $a. 
1+2" 


dx -f 2dz 1-2 
ian laa er tee), 
Qdz 1+2z 
[tes 


Zz 


this may be found from the preceding by putting 47+ 
instead of x, on both sides. 


2dz 
Seer ii + 2bhz 


aoe ee dee 
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eee Joe C2 2). : om EOE 
=e =m" o/ (a) 
= ea tan” af (255) tan ie} ; 


each of these will be of another form ifS>a. The results 
given are, however, much the more frequently required, 
not that these should be remembered, but the method ; 
viz. when sing or cosz occur in the denominator in the 
first power, put tanja=z. 

Should 6> a the results are 


[ dha 135 1 i a tantx+b—1/(b'—a’) 
a+bsinz 4/(b?—a’) °8 la tangxe+b+ /(b'—a’))’ 
ak 1 Pa V(6+a)+/(b—a) tandx 
fe cosz (Bb — a”) °5 V(6+a)—/(b—a) tanta) © 
ieee dic 
The remaining integral lexs nae aeue should be 


changed by putting 


b=m cosa, c=m sina, 


| therefore m=,/(0? +c’), tana -5 ) 


and it becomes 
r da wn | d («+ a) 
avin sin (w + a) a+m sin(x@+a) ” 


The three integrals 


| dx [ da dx : 
a+6 sin’x’ Ja+b cos’x’ i? + 6 cos*x +e sin’a 

di. 

x+n sin’x? ane 
may be reduced by taking tana=z, so that the last in- 
tegral becomes 


tn — a ae a el (=) e} ’ 


: 


are essentially of the same form i 3 
m cos 


30 DIFFERENTIAL AND INTEGRAL CALCULUS. ae 


if m, n have the same sign, or 
Le ike {yout me 
2 ./(— mn) V(—n)z—v/m)’ 
if n be negative and m positive, or vice versa. 
The following integrals 


a a s 
| Me a) Frere ts dee, 

and fa™ n/(2ax — 2°) dar, 
frequently occur with different integral values of m, and 
‘are to be obtained. by what are called formule of reduction ; 
7.e. in each case the integral is expressed in terms of 
another of the same form, but with a lower power of z, 
and this is carried on until the integral involved is known. 


I. Take P= (os do=— fa © fu/(a -- x")| dx 
=— 2" /(a? — x”) + (m—1) fa" (a — 2°) da, 


and | a” s/ (a? — x”) dx = | i ro dx=a’P.—LP., 
therefore P) =—2”"" /(a’—2’)+(m—1) (’P,_.-P.), 
or mP = — 2" /(a* — 2") +(m- 1) @P._.. 


If the limits of the integral be 0 and a; or —a, a, 
the integrated part vanishes at both limits, and we have 


jf: i a ee 1 r [ o" dx = 
0 m 0 


/ (a* x) x /(a* — 20°) ° 
ine a" — |,’-1 {a am (a- a} 
II. Take P= JGanae dx = |x (Bama) dx 
=aP,- | ge, °F e {,/(2ax— x°)} dar, 
and ica = {\/(2aa r a”) das 


=x" s/(2ax — x”) —(m—1) fa” /(2ax — x’) dx 
av” (2ax — x”) 
‘/ (2aa — x”) 


= 2" \/(2aa — a") —(m—1) (2aP,_,—P,); 


=a" »/(2ax— x") — (m—1) 


~ 
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therefore 
P.=-a"™ /(2ax—2") + aP_, +(m—1) (2aP,,—P,), 
or mP, =— 2"* /(2ax— 2) +(2m—-1)aP_ 4; 
a” Im —1 2 7. ade 
therefore i [Gan 2a dir = ee ea Gta)" 


Ill. P= fa" Va’ — x’) dx 
ma @ oo nt 
Shira te iatiide'? 


* (a'P,,,- P.), 
er (m+2)P,=— a" (a — 2") + (m— 1) aP,, 
whence [ x” s/(a” — 2”) dx =" ne cal x” s/(a* — 20°) da. 

W.. F=f x anita )dac= fa" {a—(a—a)} »/ (2an—ax*\dax 
=aP,—4 fe" £ {@ax- o?)*} dx 


=aP _— ee oh — fa" (2aa— 2") »/(2ax—x*)\dx 
ae ne 40°" (2ax im x)? ot aP.. yest ae 3 zs {2a al a SF 


whence (m+2) P,=—a2"" (2a% — x)? + (2m +1) @P,_., 


yt iS 2 1 2a . 
acm i xv” /(2ax—x*) dx= ae af a" »/(2ax — x”) da. 


Another such integral may be given, which really includes 


these four; or, at least, from it they can all be easily 
deduced. 


oY We eo dete ee 
P= fsin xdac = — [sin i (cosa) da 


=-— sin” ‘« cosx +(m— 1) fsin” *x cos’ada 
=-— sin" cosa + (m—1) fsin” *x{1—sin’x\dz 
=—sin" “x cosa#+(m-1)(P,_.—P.); 


whence mP,=-—sin"*x cosx+(m--1)P_, 


= 


~*~ 
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i ail, See ee 

so that | * sin" ada =— | * gin” ® ada. 
0 m™ 0 

Putting 47 —. for = in this result, we get 


lor 3a : 

2 m—1 

| cos” xdx = | cos” "adx ; 
0 


0 


Fo ae ghey ; 
and we also see that | sin” xdx = | cos” ada, (as is 
0 


; 0 
obvious, since the elements of each are exactly the same, 


but in reverse order). 

es dr 
* So also v; sin” «da = | 

0 0 
if in the latter term we put w—a for x it becomes 


Bs sin"wdx ; whence |” sin” wde=2 [ "sin" ade; (as is 
obvious from first principles, since the elements of the 
integral from 47 to 7, are the same as those from 0 to 32 
in the reverse order). The formule of reduction L, IL, 
III., IV. can be all deduced from the formula for fsin"adx 
by putting w=a sing in I. and III., and «= 2a sin’*z, in 
II. and IV. 

A very useful result in finding the values of definite 
integrals is the following: 


[ 9) de=| $(a-2) dz, which is obtained at once by 


sin" dx + i sin"xdx, and 


putting a—x for x in the first member. It must be 
remembered that a definite integral is not a function of a 
at all, and that it is of absolutely no matter by what 
symbol we denote the variable in the subject operated 
upon. Thus we might get for the above 


[ ¢@de=[ a-2)(- de), 


since when «=a, a—a or z=0, and when #=0, z=a, 


={ 4 a—2z) dz, 


but this is exactly the same thing as Ve (a — x) dx. 
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The result is obvious if we draw the two curves 
=¢(x), y=¢(a—x), suppose BPQDC (fig. 7), and 
bpgDe, then if OM=2, MP=¢(x), Am=a, therefore 
Om =a—z, then mp=MP, since mp=$(a—Om) = $(x) =MP. 


‘The area of the curve BOAC= | g(x) dx, and that of 


cOAb= | ; ¢(a—«x) dx, and these areas are manifestly equal, 


the bourding curves being similar and equal. 
The following is also sometimes useful : 


[ @@de=| (@)+$@a-a)} des 
for [ $(e)de= (2a) —¥(0) =¥ a) — (a) +4(2) = 400) 
=| e(eyae+f 6 )ae, 


and if in the first term we put 2a—z for x, it becomes 


fac 2a —2z) (—dz) ) or f $ (2a — 2) dz, or [ d (2a— x) ) de. 
This is also easily proved geometrically like the former. 

As examples of the use to be made of such formula, 
take 


| is xf (sin x) d= |" (7 —2) F {sin(w —2)} dx 


0 


= a F'(sin x) de — |" F'(sin x) da, 


0 


therefore I x (sin 2) de == - F (sina) dx. 


0 


ie r ame 2 tee 
i 2x sincda _ Tr [t ek 
and [ae 2 
1 + cos’x ~ 3 $ 1+cos 2x 


eh | " d (cosz) 
eh 


34 DIFFERENTIAL AND INTEGRAL CALCULUS. 


So also [ret + tan zx) de= [log }1 +tan(7 ~ ) da 


0 


a tanz i 
os [ log (1 “ iptane)@=| flog2 — log (1 +tan.x)} dx 


oe * log2 -|* log (1+ tanz) dz, 


or . ie log (1 + tanz) da == log 2. 

The following makes use of both formule, 
let 7 “= | % log (sin) da, | ~~ 
then u= [log (cosa) de by (1); 


therefore 2u= {* (log sinx + log cosa) dx, 


or 2u= [v0 og =) de =[~ log (sin 2a) dx — > log 2. 
But iM log sin2adx=4 | ac log (sin 2x) d (2a) 
=1/" log (sinz) dz, 


and therefore = 4 j" {log sinx + log sin (ma —«)} dx by (2) 


=if- (2 log sina) dr=w; 
therefore ~2u=u— > log2, or u= _ log (4); 
and we see by the proof that also 


| "log (cosa)de= = log (4); and | . log (sinx) da=m log (4). 


The most useful application of (2) is to such as the~ 
following : 


fE F (sina) de=2 [” F (sina) dz ; 
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T aa 
| F (cosa) dx = | (F (cosa) + F(—cosz)} da, 
0 0 3 
PL 2 ir 
and of (1) | F (sinz) dx = | F' (cosa) da. 
6 0. 
Thus. 
i re ee in, 
| sin’edc= | cos xdc= | ((1—sin*a)da=har— | sin’xda, 
0 0 0 0 


therefore | . sin’xdx = 47. 
Integrating by parts : 
a (log sinx) dx 

= (a log sina)" - | f x cotadx = — | 


0 


ir of 
tanz 


x, 


the former vanishing at both limits; therefore 


37 
| —— die = 4a log2 


3 dar har 2 40 x 
= 1 Har da =i Bylair ne da 3 
E a5) i | > sin’a 2 | eg ak, 


30 
therefore | # dx = log2. 
. =. Se 


The integral fie log (sinx) dx may be evaluated thus : 


4 | log (sin’x) dx =4 | cs log (cos’a) da 


0 


9 4[") og (1 — sin*a) da 


a7 ; 
5 {sin’« + 4 sin*’x +4 sin’x+...} 
: | 


Il 
| 
te) 
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l 1 “¢ Asie wishes 
therefore evl-e@) «2 2 13 24” T2946 


therefore 


{re 
[ aV(l—2) aw) 2 a7 S473 oe 
cos 6d) hor 6 
-{" (S97 sin 0 )=f tan 5 40 


= 2 log (sec a" = 2 log /(2) =log2. 


i) 


QUESTIONS ON INTEGRAL CatcuLus. I. 


1. If w'(z)=¢ (2), and oo = $ (2); prove that 


U= p(x) + C where C may have any value independent 
of z Explain what is meant by an ¢ndefinite, a corrected, 
and a definite integral. 


2. If y' (e)=$(e), and A=~(b—a), prove that the 
limit of the sum of the n elements 
h[d (a)+ $( (a-+h) + (a+ 2h) +e. p {a+ (n—1) h}], 
when 4=0, is (b)—W(a). Hence prove that the sam 


1 1 1 1 

a VQ =T) (=P) f=) 
tends to the limit 47 whenn=c. Find the area of the 
curve 7” = 4azx included between the ordinates a = 2a, x=8a, 
and the curve. 


3. Write down the integrals of z”, >a, , sing, 


1 1 


BOB 800 ty (FF aa a Bes ; also deduce the | 
da Mile 

value of | — from the equation | a” de= + C. 
x f m+1 
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4. Ian fle), prove that fp (2) de= fo (F (0) Fass 
and obtain the integrals lass Gace)? and E 


by putting (1) =a (1—cosz), (2) L= a SeCe. 
5. Prove the formula for integration by parts, 


dv du 
fu 7, da = wv - fo 7 


Apply it to find the integrals of z cosaz, x” sinaz, a” loga, 
e”” cosnaz, and cosax cosba. } 
6. Shew how to. integrate 
: = and : 
V(a+batcu*)? a+ be+ cx?’ (w+ a) /(b +cxu + ex’) ” 
7. Integrate 
1 1 1 
a+bcosx’ at+bsinx’ a+ cosx+c sinz’ 
(when a>0 in the first two and a’>0*+c¢* in the third), 
1 1 


cosxz’ sinz’ cosx+sinzx 
from the former. 


also integrate ; or deduce them 


8. Prove that \ (a — x") dz = 41a’, 


e ‘/ (2a — 22°) da = 41a" = 2 [ V (2ax — x”) da, 


and | x /(2ax — 2”) dx = 41a’. 
9. Prove that [ x" loga dei 


[ af (logan)! dx = | i (lopey da! =e 


and deduce 


* log ax Lope Se: 7 
ke ;@ oy tae gt ate. toc (or =); 


[ (ey area f (Be) arcu 
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diz cose | 
I+ecosa V(1—e)? 


10. Prove that i 


and 


ie dx —e€ 


1 | 
(1+ecosa)* .1-é 5 sale Vs ae a 


: 1 sinx 
( o integrate (i+ bose’ first differentiate fixes 


Questions on InTEGRAL Caucuuus. II. 


1. Find the value of 
| /(-2+32—2") dx, 


generally of | V{—ab+ (a+b) x—2*} dz, 


and of | 2 /{-ab+(a+b)a—2"} de. 
{Pat en tt* 4s, 


- the answers are tar, 47 (b—a)’, a (b+ a) (b— at 4 


Prove also that 
| x(x — 1) (a—2)(x—3)...(a~—2n)da=0, (put x=n+2). 
2. Prove the following formule of reduction : 


(1) fe V(a?— 2°) da=™ ae 2 x" »/(a*— a?) dex; 


oe 


2a+1 
n+2 


(2) [ x” /(2ax- x*)dx= a[ x" »/(2ax— x*)dx; 


br —1 sit 
(3) | sin" edz =~ = : fo sin” “ada 


ee hor 
= | sin" ada = | cos’ dx. 
0 0 


* 
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3. Assuming that the limiting value of the ratio 
eee b a 
| sin” dee t | Oat ; oda, 


0 : 0 


when n is indefinitely increased, is one of equality, prove 
Wallis’ Formula 


eee Se aes 2 oe oe 
2° 2-1 47-1 6-1" (Qn)?—-1? 
Ls dx ve 
4, : = = 
Prove that [’ i +e cosx v(1—)? 


. e 
fF dz St T {3 dz w(145) 
eae ) 3 ; 
% 1+ e cosz) a= ey: > (L+e cosa) a2) 
and generally that 
dx on ae : 
>» (ite cosax)"** - aoe i) (1+e cosx)" dx 


7 {140i gt mn) (n—2)(n—38) t+.) 


1ST ET is 2°, 4? 


{ transformed by putting tan$a tanjz = vf (2) : 
‘ 2 


5. Prove that is $ (2) die =| di (a= ahd, 
and thence that : 


be! S be RS an 2 n 
x sin"adx=t7 | sin"adx=7 sin“ ad, 
0 0 


i) 


ada 
and that a i Eves = 
1 =! 
6. Prove that fe i ma re a aa os cos’ (e), 
and deduce 
™ log (1+e sina) ? 
| : da = 4a (2 — a), where sina =e. 
sina 


0 


7. Obtain ee of reduction site 


di. 


f esa aa sae 2°) 
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If P,={ x V(- 2482-2") dx, 


prove that 2(n+2)P —3 (2n—1)P_,+4(n—-1)P_,=0. 


2-2 
8. Obtain the complete areas of the ellipses, 
(1) ax’ + 2hay + by’ =1, 
(2) ax’ + by? + c+ 2fy + 29x + 2hay =0. 
For any value of x, we have, in (1), 
by =—hx+/{b— (ab—h’*)x’}, 
whence, if y,, y, be these two values of y, the element of 
the integral is (y,—y,)dx, and this must extend over the 


values of x for which y, and y, continue possible; hence, 
if we put 6 =m? (ab — 1”), the limits of x are — m, m, and the 


area =5 5 o/{b-(ab—H)a"} d=? | (ab—I) bs (an® — 23) dee 


> 2 


vn Toy T 
V(ab—h’) =m, OF (ab — Bh)? 


_ (2) treated in exactly the same way, gives the area 
x (af? +bg? + ch? — abe — 2fgh) + (ab— hi)" 
9. Obtain the whole area of the loop of the curve 


=o" se also of the area between the curve and the 


asymptote. (1) 7a’ (2- =). (2) ma* (2+ 5) : 


DIFFERENTIATION OF A DEFINITE INTEGRAL WITH 
RESPECT TO SOME SYMBOL INVOLVED. | 


Suppose w= [ d (w, 2) dx, where 2 is a quantity in- 


dependent of «, and also of a and 3, then if 


ed {Wr (x, z)}}= (a, 2), w=wW(d, z)—wW (a, 2). 
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In the case where a, 6 are independent of z, to find . 


we shall have : 
u+ sei: p (x, 2+ Az}dx; 


therefore Au= [ @ (a, z+ Az) —¢ (a, z)} dx, 


Au " $ (a, 2+ Az)—$ (2) 
Az ‘ 


hence, taking the limit, we shall have | 


==[ Zio dae 


or we differentiate the quantity under the integral sign 
with respect to z, just as if no integral sign existed. Of 
course in exactly the same way we may integrate both 
sides with respect to z, when a, b are independent of «. 
If, however, a, } are related to z in any way, the complete 
differential coefficient with respect to z will consist of three 
parts, (1) that which we have already formed, (2) that 
arising from the variation of (é), (3) that arising from 
the variation of a. The first we already have, the second 


db 
=H eB a MZ bAs: 


since x wr (, 2)} =o (a, 2); 
5a du da da 
similarly Fs Meee p (a, 2) pee 


or the complete differential coefficient of uw with respect 
to z is 


Ae 2)} dau + o (b, )F-$ (a \E 


Thus | V(x) dx = 2a (8-1) =14a'; 
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and the differential coefficient of this with respect to a 
will be (1) 0+(2), /(4a) 4 —(3), 4/(a) or 7 V(a) which is 


obviously true. 
If, however, we had taken c (ax) dx =tfa", the 


complete differential coefficient with respect to a is 


4a v (a) 
- ; - iC Bases oe /(a 4" 
or y {MO "ha 8a a, or a(Z+7), or 


which is obviously correct. 

The second differential coefficient is often calculated,- 
but it is better to use the above again when necessary. 
A good example of such integration is the following: 
we have 


[" dx =2[ dz 
, itesinan J, 1+2°+2ez 
=2[ dz i 2 gad z+e. )a™ 

, l-@+(ete) v(l—-e’) V(1- &) 


Bie Ee ban aca | 


: 2 
= 7 — sine) = —_—__ 
whence integrating both sides with respect to e, which has 
no concern with the limits, 


ik log (1 te sin x) di = Hoos a 
j sina 

K being independent of e, and when e=0, the left hand 
vanishes, therefore K = (47r)*, whence if we put e=sin0, 
we have 


ie Jog (1+sin@ sin@) 7 = (hm) —(47r—- 0)? = 78 — Gs; 


‘ sin x 


cos” (¢) ; 


DIFFERENTIAL AND INTEGRAL CALCULUS. 43 


@ being an angle less than 27; since we take 0=0, seit 
e=0. Similarly 


t log (1 - sin sin) Fee nen ts 
: sin 
rae bak : 
whence | . — log ( ik mer aa dx =270 ; 
» sine 1—sin@ sine, 


and also ie log (; hs ad =~ | dx = 70, 
, sine 


L— sin@ sinz 


ae fs (ane) do = m8. 


sina 1—sin@ sinz 


0 


Also | t noe log (1 —sin’@ sin’x) dx =— 2" 
» sine 


hor 
= 2 | its log (1 - sin’@ sin’z) dx, 


In Zz 


and. | ee log (1 — sin’@ sin’ x) dc 


> Slew 


eat = see, Sean = ees 


EXAMPLES OF THE Use oF THIS METHOD.. 
; [aR a 2 
1. Determine the value of | tan™ {m /(1 —tan’x)} dex. 
0 


2. If a string just surround a closed oval curve, and 
another curve be formed by unwinding this string, be- 
ginning at a point P, and unwinding the whole, the whole 
are of this cnvolute will be a maximum or minimum when 
Ps such a point that the perimeter of the circle of cur- 
vature there is equal to the perimeter of the oval, a maxi- 
mum if unwound in the direction in which the curvature 
decreases from P, and a minimum for the opposite direction. 


- 8, A-string of given length is fixed to a curve at O, 
and laid along the are OP of the curve, it is then unwound 
and bound on to the curve on the other side of O along 
the are OP". Prove that the arc traced out by the end 
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of the string will be a maximum or minimum when the 
tangents at P, P’ are equally inclined to that at O; and 
that it will be a maximum or minimum according as the 
curvature at O is greater or less than the arithmetic mean 
between the curvatures at P, P’. 


4, A family of curves r=cf(6) is described, the pole 
being a point O, and any one of these curves meets the 
prime radius in A, and a fixed circle with its centre at O and 
radius a in P, prove that when the area 4 OP is a maxi- 
mum or minimum, it is equal to half the triangle POT. 

I give solutions of (2), (3), (4), which I think may be 
instructive to a student. | 


(2) O any fixed point on the curve, OP=c, OQ=s, a; 
@ the angles which the tangents at P, Q make with that 
at O (fig. 8), then if S be the whole arc of the involute 


s=| “ex 0) as 


therefore 
dS de : de 
eek OE RR iG 2 21 +a2 se fez. eid 
om 7a | mw) +(PQ), perimeter of oval — 2a Ta? 
. . . . . de 7 
or § is a Maximum or minimum if 27 x r ae perimeter of 


de> 
dea. 
increases from P towards Q, ¢.e. if the curvature decreases, 
If unwound in the opposite direction from P, the are of the 


de : é , 
oval (and Hag radius of curvature at P) , & maximum if 


2+ 
involute = | (P—s+c)d@, where P is the perimeter, 


and the sum of the two =2aP, or is the same for every 
point, so that if one be a maximum the other must be a 
minimum. 


(3) The same notation, arc QP=arePQ' =a, B, f' the 
angles between the tangents at Q, Q’ (fig. 9), and that at 
P, then the whole are generated 


2 at" 
=nat] (eta-0)dd+] (cta—¢)d0=u, 


\ 
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| ot 
therefore ap - + ed —a, 


= (6'— 8) ze = (8' — 8) x radius of curvature at P, 


d*u (dp dB ney 
ps de (< - <)es when #’=8, 
: Hess) =a Oe ee Te 
and ee curvature at Sas cal (1 ak 
dB _ p dg’ _p 
therefore be rag Aer eT 
or du — ‘(= i 2 . 
aa atal 525s 
therefore for a maximum 
a ee 
p= B, and as r, 4 p ° 
5 ; eek: 
For a minimum #’= 8, and —+—->-. 
gc 
(4) u=4 | &f0! d0, where of(a) = 
therefore f' (a) =- = as 
du fee ne 
therefore 7h Per d0+ 10°F (a) | 
Py ON 
ee. sofa —2u — f fF (a). 


Now cf (a) =a, and’ “ : = cot OPT (fig. 10); therefore for 


a maximum or minimum 


a=4 cotOPT, or u=ja' tanOPT, 
=4APOT. 
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DIFFERENTIAL CALCULUS. 
SUCCESSIVE DIFFERENTIATION... 


Having investigated methods of finding the differential 
coefficients of any functions of 2, we next consider rules 


for the second, third, ... differential coefficients. We 


have denoted the differential coefficient of y by = Yy U0 
we may say that we denote the operation of differentiating 
with respect to by the symbol - and a natural ex- 


tension of the same notation will lead us to denote the 
operation of differentiating 2, 3, ... n times by the symbols 

2 3 n . 
(=): (4), es (<) , or the second, third, ... m diffe- 
rential coefficients of y by dy 29 ay This nota- 

ds? dal * dz” 

tion has the great advantage that the indices denoting 
the number of operations follow the laws of indices in 


; d\”/d\" a.\F" 

ordinary algebra; 7.e. (=) (=) y=(s.) y, and any 
equation which holds in ordinary algebra between symbols 
of quantities will hold also when members of the equation 
are these symbols of operation. The most important for- 
mula of successive differentiation is at once found in this 
manner; we know that if u, v be two different functions 
of a, 


or, we may write it, the operation 3 applied to the pro- 


duct wv is equivalent to the sum of the operations D, and 
D,, where D, represents the operation of differentiating 
wu only, and D, that of differentiating v only. Hence the 
operation 


( 7) =(D,+D,y’, 
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or * (ui) =] Dn, “et DP De tovet py Uv, 


Be 
but D." (wv) =v — 


since D, operates on u only, 


dv d"*u 


DP" D, (uv) = Te dat? and so on, 
» 2 (we “e you tn dv d”*u 
i ~ ° das" dx da 


n(n—1) d’v d**u Fy As d"v 
ray CBR daz’ da** dix” * 
Of course the same holds for the product of three or more 


factors, the coefficients being those of the multinomial 
theorem. 


d® (uv) d*u d*v dw 
Thus gt UO pat wu at uw ae 

d’u dv du dv dw 
+3w 


aa Is +5 terms of the same form + 6 — eee 


and i in general 


: wl = (D,+ D,+D,)" uw, 


D, operating on wu only, D, on v, D, on w, but each 
meaning - ; 

The n™ differential coefficients of the functions sing, 
cosx, loge are readily found. 

Thus te (sinz) = cosv =sin(x + 477); 


therefore 


d® . 
ae re {sin (@ + 4ar)} = cos(a + 47) =sin (« + =) : 
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and so on, each differentiation adding }7r to the angle, or 


n 


da” 


(sinz) = sin (2 + =) : 


d : nT | 
aa (cosx) in exactly the same way = cos (« + =] , or may 


be deduced from the last, for’ since 


d ,. 
=- (sina) =cosa, 


dx 
therefore 
a" a (sina) . a” 
dat (cosa) = FB et = sin{a + (n + 1) 4m} = cos (a+ +) : 
d 1 a* Wa 


1,2 
dp MO8O)= 51 ais OS) =~ oy Fae ee 
and so on; therefore 
a” = nee 
Fyn (log) = (— 1)™ be 


The n™ differential coefficients of sin(a+a), cos(xa+a), 
log(x+c) may be at once written down from the above, viz. 


=) eg (at 


; nT 
sin(wta+—), cos(a-+ a+ eaeees 


2 CE) ie 
n 
. J NT 
and -—— gin (ax) =a" sin (ax +7) 
dic" fog Ry 
n 
% =) 
—, cos (ax) =a" cos| ax +—}. 
dax" (a2) ( 2 
‘ as 1 — cos2x ‘ 1+cos2a - 
Since in 2 Oh 2 ee 
- 3 8 sing—sinsz 3. cos3%+3 cosx 
sin’a = 7 » Comes 4 , &e., 


the n™ differential coefficients of these and all like functions 
can be at once obtained. 
The n™ differential coefficient of (aw) is 
d”u d" tu d’ 


a Ca os since dx (a) = 0, &e., 
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the n™ differential coefficient of (xu) is 


,d'u FSi i au 


for the like reason. In general, if one of the functions be 
a rational algebraical function of r dimensions, the n™ 
differential coefficient (n >) will only contain (7 + 1) terms, 
since the (r +1)" and all subsequent differential coefficients 
of this function will vanish. 
The n™ differential coefficient of 
(aes 1. (-1)0'|n 


> (a-a)™? and of res gh (a+ bay" 


ax +b 
aoa bY 
separating it into the sum of two fractions, with denomi- 
nators «—c, «+c, and so with any algebraical fraction 
whose denominator is the product of simple factors; of 
course all are so, but if the factors be unreal, we shall have 
to use De Moivre’s Theorem to get the result in a real 


We can find the n™ differential coefficient of 


form. Thus, if y= — the factors of 2’—x+1 


xv - 2+ 1? 
are «—a, «— 8, where 


— a=cos$m+/(—1) sinja, B=cos$a —V/(—1)sin}r; 


and if we assume 7 = + a so that 
z—-a x-B 
1=A (x«—8)+B(«-a), 
we have A=— =— B, 


#i I= a3 leas hm no ete Boat 


therefore BS 5 = 


cy 
aa BaP} 
— [® @=al"-a-a2l"™ 
 B-a . (@—aeiy" * 
If 
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Now a—#=cosia— x+/(—1)sinda=p{cosd+1/(—1)sing}, 


if tangd= ve and p=V(1-—aw+4+2’), 
B-x=cos}r—a— /(— 1) sindar = p {cos — »/(—1) sing}, 
ce. |” _ 2/(—1)p™ sin(n+1)¢ 
da" 2-1) psing” ——(@ a+ 1)™ 
_sin(nt1)d |” 
ging ee? 
v/(3) v(3) 


where tan ¢ as above = ; or since sin¢= 


—2a’ 2 /(1—a+a") ? 
sin (n + 1) d.(sing)"™ 
(sin dar)" ; 

This method will apply to all such cases of unreal 
factors. 

The x” differential coefficient of tana is most cbn- 
veniently expressed in terms of 42—tan™a which call 6, 
then x= cot @, 


we may write the result |” 


dy 1 Soe 
and a = ise = sin’ 0 ; 
therefore dy = 2 sin®@ cosé seal Bs sin20.sin’ 6; 
da da 
‘ da Se 
ecause Te = ate 
d*y dé 


therefore —=% = — -- {2 cos20@ sin’@ +2 sin2@ sin@ cos0} 
dx dx 


= sin’@.2 sin @ (sin@ cos26 + cos@ sin26} 
= 2 sin’@ sin30. 
We observe the law so far to be 


o n-1 . “ n 
Ta =(-1)"*|n—1 sinné sin"d, 


and assuming this to be true for any particular value of n, 
we at once see that it is true for n+1; therefore, &c., the 
ordinary course of the proof by “ Math. Induction.” 


DIFFERENTIAL AND INTEGRAL CALCULUS. 51 


This may also be proved by the use of De Moivre’s 
Theorem, for 


therefore 


ay W(-1), ft (-1)" 
mo > yeast Wena 
1) (=) + a}""—fe- V(-0))" 
eet 


and if «=cot 8, 
{e+/(—1)}""* = {cosO + /(—1) sin O}"™ + (sin @)"* 
= {cos(n+ 1) 8+/(- 1) sin(x +1) @)} + (sin@)™ ; 


any sin(n +1) @ (sin’6)"" 
therefore a af = —|(n ind (@ 1) 


= (—1)"|n sin (a +1) @ sin" 0. 
To differentiate x" loga, take 


y=a’ loga, ce ne’ loga+ a”. -, 


whence =ny +2"; 


da 
oll 
aa 
therefore 


dy cy dy 
Cae” ae wT at 


therefore 


+n (n—1)...(n—7r+1)2""; 


+n(n—1)...(n—7 +1)0""...(A), 


d. a 1 
Now = = ng" log + t ‘ 
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and if we assume 


d'y Nr 1 1 
Agta 1) 0 (n—r+1)x {loge tat ae | ait 
diy os “Bare 1 
Spa=n(n—1)..(n—r)@ loge = + tet nt 
Mime? 
zs are oes : 
 cccncevedtaneseccacess ances opa+- oo Tae 


the same rule. 
+1 


dx el 
whence all subsequent ones are known. For purposes 
explained in the next section, it is often convenient to 
obtain a rational equation connecting two or more dif- 
ferential coefficients of any function. Suppose, for instance, 
y = sin’ ‘x, therefore 


If we put r=” in (A) we get at once =e; 
x 


. dy ay x d. = 
v(1- a) 7 =1, (1 *) at toa de 
na d. 
or (1—2") 7-27 =0, 
the required equation. Differentiating this n times, we have 
a gq’? qd’ n— 1 da" 
(1 = af) Sod, + n(— 22) Fn BED (9) SY 
ir d” 
~ 0 n(1) 7, =0 
d’*y a. a 
2) Retest £8 acre = gat pm 
or (1 = ) dx | (2n + 1) as " aa" 0. 
: e =3\9 2 dy ee | 
So if y = (sin™ a)’, V(1—a@') 7 =2 sin“ a, 
» ay Ae Pee 
V(L— 2!) pe — a’) de = V2)? 
or (1-2) Bae, Rs = 2, which of course leads to the same 


du. da 
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equation as before, except that in the former case the 
equation is true when n= 0, which is not so here. 

The two functions sin(m sin” x), and cos(m sin), each 
satisfy the equation 


a di , 
(1-2) 54-2 + m'y=0, 
and therefore also the equation 
a"*y a" dl”. 
(l—a tt) a (2n + 1) x aia + (mm — n’) 4 =0. 


asin a 


The function ¢ satisfies the equation 


fea ge a’y=0. 
(It will be observed that this may be deduced from the 
last by putting a /(—1) for m, and therefore the resulting 


equation connecting the higher differential coefficients is 


: dy dy : : d"y 
(1— 2") pasa — (20 + 1) @ > as — (a +10’) vn = 0). 


So in general functions of any form may be eliminated 
by differentiation, and a relation found connecting their 
differential coefficients. Such a relation is called a dif- 
ferential equation. ‘The principal use made of them in 
the differential calculus is to find the law connecting the 
successive coefficients of different powers of x when .the 
function is expanded into a series of integral powers of a. 
Thus, if we had not the Binomial Theorem, and found 
the differential coefficient of (1+ x)” to be z (1+ x)"* other- 
wise (which is not difficult), we should have if y=(1+ B\, 


; . ; d. 
_ the differential equation (1+ 2) “ =ny, and assuming 7 
to be 
; 2. 
=A, +Av+A,—+..44,— 


E Pat 
then (1+2)(4,+Ayetnt 4, 7 44 a 


eae es 


=nA,+ Aet..4+A,— are 


‘Ir 
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or equating coefficients of 2’, 
A Pes, 


r 


A, 
Pet n—; therefore A, =(n—r)A,; 


apes ic 
therefore A,=nA, A,=n(n-1) A, &e., 


and therefore 


y= 4, {1 ae ede ae eee dab 


which would satisfy the differential equation whatever 
A, be; but since in this case y=1 when 2=0, we have 
A, =1, and obtain the ee 

- =e 

(1 +a)" =1+ne+——_— Ey wag 

The fact observed here that the solution of this differential 
equation involves one arbitrary constant and no more is 
true for all differential equations of what is called the 


first order, ¢.e. between 2 ,¥,«. So the general solution 


of one of the second degree will involve two arbitrary 
constants and so on, it being obvious that in the case 
of an equation, say of the second degree, we may, for 


any proposed value of a, give y and y what values we 
a. is 
oS and there- 
fore all subsequent differential coefficients are determined 
by the equation. ‘Thus, in the equation 
Per d 
a> - Oe) 55—a 7 


choose, but when these values are chosen 


suppose we choose that when x=0, y=a, and 1, 


and assume accordingly 
; 


ynatheta, 5 +...44, = ae uae 


: a bak 
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therefore 


gr gr” oO 
(1 — x”*) (4,4 age teict a, —— +4,,, ) 


[raat [rad ele 
j ri 
—2(b4 A, +...+ A, [ead +...) = 0, 


whence, equating coefficients of 2’, 


Gg eg 
|r |r-2 [r—1 : 


or a,,,=4,{r(r—1) +r} =r°a,; 
therefore @a,=0; therefore a4,=0, a,=0, &c., 
4.=1°b; a.=3'. 1.0, a,=5°.3°.1".6, &e., 


and therefore 


3 5 7 
y=a+bie+ i SANTEE ated rate +. 


gh Ss Ee 


bit LS a > BSS" 
fee ee a Ht 


va matblo+5 F 245 '246 7 


This is in fact y=a+b sin*a, which satisfies the equation 
equally well and is the general solution. 


DIFFERENTIAL Catcuuus. II. 
1. Prove that 
dy da _, dy dy dz _ dy dy dz 


—— Cent 


dx dy’ da dzdx du dz dx’ 


z being a function of w, and w of z. Find the differential 
coefficients of 


mee aft aif 2 tal 
sin (=), cos (=), tan 1"), vers (=) 
a a a a 


cos" sdinbes tan™ pct log sinw, log cosa 
a+a°/)? 1—32"/? ’ ; 
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A ; == : 
ns. v (a? — 2")? V(a®— x”)? a’+a2? / (2ax — x”)? 


2a 3 
a+? t4a@ 


3) cota, - tanc 


2. From the equality 
sinz sin(a+a) sin(2a+ x)... sin{(n—1)a+ x}=2*" sinna, 
where | na = TT, 
find, by taking the logarithmic differential coefficient of . 
both members, the sums of the series 
(1) cotx+cot(a+ x) + cot (2a+2)...4 cot {(n—1)a+2}, 
(2) cot?” + cot? (a+ x)+cot'(2a+x)+...4 cot’ {(n—1) a+z}.. 
3. Having given that 


sin2a 
to © = 


COS ZX cos — cos ve cos - 
eee 9"-1 eer Qn 5) 


2 2" 


prove that 
24 x 
(1) tana+ 4 tans + 5 tan 5 t.. 


+ oo tan 53 +...t0 © = : — 2 cot2z, 
(2) tan” a+ 5 * tan” = + = tan aS +... 
+ 7 tan” +... to o=$- at4 cot’2z. 
4, Find the differential coefficients of 
eae” (Qax + 2%), ce 


5, 


a vers(=) +/(2ax— <2"), tan™ )+ e Ri es 


2 = a—b x 
UC ae {y/ ts 5) a | 


1 V(b +a)+/(b- a) tanta 
aad =a) 7 wire = V(b=a) saat 
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a 4 


{Ans (a = Zi , (a—x) /(2ax—2"*), (ye) ? 


(2=*) Qax* ivy 
wee pt of att a+b cosa) * 


5. Explain the notation : a t ..., and find the n™ 


differential coefficients of sinz, cosx, loga, and sin*x. If 

y = cot’ (x), prove that 
d"y n 7 : 
pe ay (—1)" |n—1 sin’y sinny. 


“ty 


d 1 
If y=2"" loga, aaa ([n—1 Lfloge +445 +5 tot aif 


6. Express : a in terms of y, z, and their several 


differential coefficients. Find the n differential coefficients 
of x sinz, (1- z') cot” (x); and prove that be n> dif- 
ferential coefficient of e“” cosdx is 


‘(a+ b)2 "” cos |b +n tan” (-)t : 
7. If y=A let Vai toll + Blot v(e'tal)”, 


ae a” ee 
then will (x +4) Gat Fie Y= % 
dy wt ¥ dy _ 


and (x* + a’) qgrat (r+ 1) & dx oi + (7” — 2) 7=0 


DIFFERENTIAL CALCULUS. 
EXPANSIONS OF FUNCTIONS IN SERIES. 


Taylor's Theorem. 


If we assume that a function ¢(#+'h) can be expanded 
in a series of ascending integral gab of h, and assume 
that expansion to be 4,+ A,A+ 4, e Feet A, at ns 
where A,, A,... A, do not involve / at all, ze. are func- 

I 
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tions of x only; then differentiating both sides of this 
equation (1) with respect to 4 only, not assuming 2 to 
vary (2) with respect to « only, we shall have 


(1) ¢'(w@+h)=4,+ Alt A, a tit A, a 
dA dA, hr ea 


(2) p (a + h) cr ae. a ti * in] 1 a tose. 


Since the differential coefficient of ¢ (z) with respect to h 


is d’ (2) ah and with respect to a is q' (z) oc and when 


dz _ dz. 
z=at+h, eg 1, and [= 1. 


From these two expansions of the same function we get 


d4,° , dA aia. 
da? de ~ de? 
dA,,_ d"A, 


—~ “de dx’ 


Also putting 4=0 in the original expansion, we get 
A,=¢(«x), or the expansion, if such a one can be effected 
at all, is 


$ (at h)=(x)+hp (x) + 


" h' 
x 

: = 6 (2) toot in? 
No information is given by this method as to when this 
series is divergent, and when convergent, and arithme- 
tically true, and so long as no satisfactory interpretation 
is given to divergent series, we cannot assert the equality 
of ¢(x+h) to the series which professes to be its ex- 
pansion in powers of /, until we have ascertained that 
the series is convergent, and tends to a finite limit what- 
ever the number of terms taken. Thus if we expand 
Selle by this series, we get of course the expansion 


a—h 
oe oe h* 
Pa Be be eee 
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In this particular case, we know from ordinary algebra, 


the remainder of the series after n terms,. viz. 


x” (a —h)’ 
and see that the series is convergent only when ~ is nume- 


rically <1, so that the remainder may be made as small as 
we please by taking a sufficient number of terms. It is 
then advisable in general’ to determine limits for the re- 
mainder after » terms of this expansion, and slightly 
altering the notation, we assume 

$ (a+ h) = (a) +h¢' (a) + = ” (a) +... 


~~: ~ h" p 

iam i? *(a) + jn” patcc darn dee ics (A), 
and seek to determine the form of & in some way. Now 
denote the following function of x 


$(a+2)-$(a)-29'()- 59") EB 


rs 

by F(a), then by equation (A), we have F'(h)=0. Also 
F(0)=¢(a)—¢(a)=0. Hence, F(x) vanishes for the 
two particular values of x, 0, and &. But if a function 
of x vanish for two particular’ values of x and do not 
become infinite between those limits, then since it cannot 
be always increasing or always decreasing, it must at some 
point change from increasing to decreasing or the reverse, 
7.e. its differential coefficient must change sign, which not 
being infinite, it cannot do without passing through the 
‘value 0. Hence F"(x) vanishes for some value of 2 
between 0 and h (x, suppose). But 


~ 


n—1 


x 


EF" (x) = $' (a+ a) — ¢' (a) — xp" (a) Bail CES be. 


’ and therefore vanishes when 2=0. Hence, the same 
argument applies to #” (x), and its differential coefficient 
or F(x) must vanish for some value of x between 0 
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and 2z,; (x, suppose), which is a fortiord between 0 
and h. But i 


F" (x) =$" (a+) —¢" (a) —a$" (a) —...--—— F, 
which also vanishes when «=0; and the same again 
- applies,.and so on, until we come to the result that 
F” (x), or 6” (a+ x) —R must vanish for some value of x 
between 0 and’. (This does not vanish when x=0, so 
far as we know; and, therefore, the argument does no 
longer apply). Thus R=¢" (a+ 6h) where @ is some 
positive proper fraction, so that we have 


2 ” 
$(a+H=$(a)+h9'()+ 56" (@) tot, 
6 being some positive proper fraction, provided that as 
was assumed in the proof, ¢(«), and all its differential 
coefficients are finite (¢.¢. not infinitely great, they may 
vanish) and continuous between the limits a and a+h. 
Hence, if we find the least and greatest values which ¢” (x) 
can have between these limits we shall have certain limits 
between which # must lie. 
Thus suppose ¢ (~)=/(x), a=1, h= 745 ='01, n=3, 
and we have 


A/ (es) =“ + saosin + 3 (a00) "4 


"(a+ Oh),. 


ac (100) ° TEs 


200 80000 * 16000000 0 \3 


Hence the sum of the first three terms will differ from the 


1 : : = 
truth by <Te000000 » F t° eight decimal places 


101 
J (sa) = 14+ 005 —*0000125, or \/(101) = 10-049875. 
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_@ will in general be a very complicated function both of 
-@ and h, and it would be a very difficult matter to determine 
it; but the important property of it is that it must always 
lie between 0 and 1. 
If $ (x) be a rational algebraical function of the n+ 1™ 
degree, 0= By 
n+1 
which it is constant. If (x) be ¢”, @ isa function of h 
only, given by the equation 


, which appears to be the only case in 


*=e' + he eer +.. ones eo, 


L [m 


be kc pe ~h—a ‘pss 


a function of h only. 
If ¢ (x) be a and n=3, we have 


; i ' 
(a+) =a? +h 50+ 200 +" 60 (a+ 6h) 


6 
=a’ + 5a’h + 10a*h’ + 10a*h® + 5ah* + h’, 
so that (a+ cs =a’+tah+ Zh’, 
or 0=—5 z+ NAGE +i)3 taking the + sign since 


0 is i. 


(6244) .84 (Z+e42 
PONS hs VOR: he al 2h io) 
The greatest and least possible values of 0 are found 
by putting A= a, 4=0, and are ii and >. ‘Thus. 
pe RR a eet oe ee 
O>5 if (5 +5) <BtS RT Io? 


1.€. if rc ees y <= 


so also 9 <—+ if ($473) > Sta ete 
v(10) * A 10) 7 TERT iO? 
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1 
(10) ~ 


et 


or if 


(We have assumed = to be positive, if it be negative we 


h 
ought to take the other sign in the ambiguity). 
Putting a=0 in the general formula, we have 


Ff H=fO +H (0 +t” (0) + 


" (0h), 
*Inat sagt taf )) 


or, replacing h by 2, 
F (2) =f 0) + of 0) +5 Z "(0) +.. tin - f"(02) 


@ denoting some positive proper fraction; and all the 


functions f(x), f'(x)...f"(x) being finite between the 
limits 0 and xz. Thus, if f(a) be loga, we cannot obtain 
an expansion since f(a), f’ (a)... all become infinite when 


#=0. So also if f(x) be c= , o#.... 
If f(x) or y be sin™ (a), we have seen that 


| 5 bate a7. » ty: 
(I — 2") aaa (2n-+1) a rH — none : 


hence, putting 2=0 in this equation, 
fr (O)=nf"(, 
from which we can find f" (0), f’” (0)... after finding f(0) 
and f'(0). But f(0)=0, f' (0) =1, whence 
F" (0) =0, F" (0) =0, F (0) =0, «es 
and 86 f'"(0)=1, f’ (0) =3', Ke vaed Diy Shen 


ge 
or sin? (a) =2 +— Shes Tana 5 sis) 


eo 1.382 = 1.3.5 2 
3 toa 5+ 746 7 te toe) 
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a series which ‘is necessarily convergent since x is <1 for 
real values of sin” (a). | 

The same differential equation holds for (sin“’«)* for 
all values of ” after 1, but in this case 


F(0) =9, f'(0)=0, fF" (0) = 
therefore f’ (0) =27.2, f” (0) = 47.2.2, and so on, 
while fF (0) =0, fF (0) =90;, &e.; 


so that (sina)? 2. = 49.98% poor e 4 


Ee nests 13 [eo 


(sin a)’ _ a 2 a a 2.4 x 4 2.4.6 x A (B) 
Sint oo ek SS 6 BSE BO Le 


It is a singular circumstance, that if in (B) every figure 
whatever (except that in sin“ax) be diminished by 1, we 
get the series (A). 

For the functions sin(m sin“), cos(m sin“z), we get 


the equation ; 

ft +2 (0) om (n” a 5 m*) f" (0), 
and since (0) =0 and jf" (0) =m for the first, and f(0) = 
Ff’ (0) =0 for the second, we shall have 


sin (m sin’ 2) 
3 


= ma — m (m* — 1”) Cael 1*) (m* — 3”) eee 


cos(m sin™ td 


=1-—m’ c +m (m ae r ri st 
both of which are convergent since x is here also<1. These 
series are true for all values of m, but since in finding 
F (0), f' (0), we take sin™(0) to be 0, we must always 
suppose sin’ (az) to be an acute angle positive or nega- 
tive, according to the general rule already laid down 
as a convenient universal rule. 


— m? (m? — 2%) (m? — 42) © 


: a sin- 
For the expansion of e” *" ”, we have 


F™ (0) = (a + 0’) F" (0), 
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also fO)=1, f’ =a, 
therefore fF’ ((j)=a', f" (0) =a(a’ +1’), 

and so on, or 


asin" « 
& 


=1+4 oe Se (a’ +2") 


[2 


+ax+a(a* +1’) 


A ka? (a + 2°) (a? Ee es 


be 


Zt a(a +1°)(a’ Pe) = 


es 
2 ist 


which really includes both the series found in the last 
article, since putting m ./(—1) for a, we get 


eo” * = cos(m sin? x) + /(— 1) sin(m sina), 
and equating real parts, and also unreal parts, we obtain 
both expansions. In this case also sin™ (x) always denotes 
an angle between — 47 and 47. 
Again, since 
a’ 


ea 
=1+asin?a+— (sin™ a)” + +8 (sin #)° +..., 
[2 3 | 


asin“ 
€ 


we may obtain the series already found for (sin), 
(sin™ x) by picking out the coefficients of a, a’, and simi- . 
larly we shall get for (sin™ . and (sin™ a)’, 


* 1 ,,\3 a! 
(sin x) =]? # atsay® 


is LS i 
+1395" (5, +3 . 3 + ae hoes epowiate (C), 


(ina) ge (1 43) 2 
4 geht Si ot 6 
| 1 iN 
+2°.0.6 (5 Fahy =) 7 st shee (D), 
C and D being connected in nearly the same way as the 
series (A), (6) for sin“ a and (sin™ a)’. 
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These series may be written 


a Se 
pa Ro Sk A a ae 
Ee ped ayes 
Sone \i eee By) 7 
(sin“ a) 2 1 a 4 24 Ltp) 
[4 oe as ee 5° \o* ° 4} 6 
2208 (L+at+a) et 
BA TAND ae Gn Be 


The series for sina, cosx, tana are found in all works on 
Plane Trigonometry, and can of course readily be ob- 
tained by Maclaurin’s series; tan” # can however be easily 
found by integration, thus 


—(tan™ x)= 


= =1-—2°+2*—2°+...t0 © (when x <1); 


1+2° 
3 5 7 
therefore tan? @=C+ @ —— e = Ss = 


and since when x=0, tan’ x=0, C=0; or the series is 
completely determined. Of course tan™“(x) must be an 
angle between — 47 and 47, and since, for the series to be 
convergent, «<1, tan ‘(x) must lie between — 47 and 47. 

The following functions of x will furnish good examples 
for the student : 


(1) {jot V(L+2')}" — +/(1 + a") )™ ; 


bese 


sin(z tan” z) S, 1+2 
(2) (1 ne a:*)3” ? (3) 7 log (**) ? 


giving in (3) the remainder after the first n significant 
terms. | 
Also tan” (2+) can be expanded in terms of 4, since 


(=) (tan a) has been found. 


The geometrical proof of the equation 
fp (a +h) = ¢ (x) + hp (w+ Oh), 
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is so simple, and this equation is of itself so useful, that 
we may well insert it. Suppose we measure a distance — 
a (fig. 11) along a fixed straight line Oz, from a fixed 
point O, and at the end of any distance x erect a per- 
pendicular to Ox, of length =¢(ax), the ends of these 
straight lines or ordinates will trace out a curve of some 
form, PQ suppose; let OM=~«, and, therefore, 


MP=¢ (a), ON=x+h, NQ=¢(«+h), PL=MN=h, 
then LQ=NQ-NP=$¢(x+h)-¢(a), 


or es = E19) = tan QPL. 


Now whatever the form of the curve PQ, provided it is 
continuous and does not move to an infinite distance 
between P and Q, the tangent at some point between P» 
and Q must be parallal to PQ, at R suppose, so that if 
RT be the tangent at R, 2kTx=2 QPL, but if X be the 
value of OU the abscissa of R, tanRTx=¢'(X) as was 
proved in the first chapter; and since X lies between x and 
x+h, we may denote it by «+ 6h, so that the equation 
tanQ@PL =tan Tx, gives us 
$(e+1)- sid sea 

1.0. h (x+h)=¢ (x) +hd' (x+ Gh), 
@ being a positive proper fraction, and ¢() a continuous 
function of z, which does not become infinite between the 
values x and x + h. | 

This equation alone furnishes proof of the chedig of 
“ Proportional Parts” in taking logarithms &c. from tables 
and indicates the exceptional cases, which are when ¢’ (z) 
is either very large or very small, so that its changes 
between x and 2+/ are either themselves very large, or 
are large compared with the whole difference wanted. 

The limiting value of @ in this equation, when / is 
indefinitely diminished, is always 4. For 


# (w+ h) =o (x) +g’ (w) +~ $" (w+ mh), 
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n being a positive proper fraction, 
| = $ (x) +h¢' (w+ Oh), 
and g' (w+ Oh) =¢' (x) + Ohh" (x + mh), 


m being a positive fraction <@; therefore 
x p" (x + nh) = Oh’ p" (x + mh), 


_1 G' (e@+nh) _ : 

~ 2 6"(a+mh) 
(This indicates that in any curve PQ if the tangent at & 
be parallel to PQ, then when PQ moves parallel to itself 
up to #, & ultimately bisects the arc PQ). 

Another proof of the theorem on the limits of the re- 
mainder after n terms is somewhat shorter than Homersham 
Cox’s, which is the one we have given. This is as follows: 
Assume 


when A= 0. 


b(X)=6 (0) + (X—2) 6) + o $" (2) + 
fate Sade ar" mp mes in ti ee (4), 
and let F(z) = (X)—¢ (2)-(X—-2) ¢ (2) 
S os (2) ee 2 p, 


then F(x) =0 by reason of equation (A), and 
F(X) =$(X)- $(X)=0, 


and since #’(z) vanishes for the two values w and X, its 
differential coefficient must vanish for some intermediate 
value {say «+ 0(X—-«x)}, but 


EB (@)=—¢ (2) + $ (#) —(X—2) $" (2) + (X—2) $" (2) 


a) an 2) i” (z) as 4 4 $” (2) rg ee R 


— 


-C #2) 
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all the other terms cancelling. Hence 
R= $' (z)=$' (w+ O(X—a)} 
as before, or writing X =x +h, we have 


(x +h) = > (x) + h¢' (x) +h (a) ma p* (a + Oh). 


2 L 


If ¢'(x) be a function which either increases with x or 
decreases as x increases, since | 


$ (w+ h) = ¢ (x) + hd’ (a+ Oh), 
we have, putting A=1, 


$(x+1)—$(z)=¢ (+4), 
which, under the circumstances supposed, always lies be- 
tween ¢'(x) and ¢'(x+1). Thus if ¢(«) be sec™(z), 
and therefore 
Poe tare 1 


we have 
1 1 


(a +1) /(a* + 22) <3 (a? —1)’ 
or if we take x=n, n— 1, n—2,...1, successively, we have 


sec (x +1) —sec™(x) > 


“1 oi 1 1 
sec (n+ 1) —sec*(n) > (n+ 1) Wnt Bn) de Vata)’ 
* ey ta 1 
sec 'n —sec(n—1) > Wares < (oI) vn? On)? 
skas kes RT tt a hot 
4 a4 1 1 
sec (3) — sec” (2)> 56) <5 Vi)? 
1 


sec’ (2) — sec (1) > 977)? 
the other limit not applying here (though quite true) ; 
therefore 
1 1 1 > 
2 (3) 1 3N(8) n(n 1)? 


sec (n+ 1) —sec™(2) < 5 a +3 cn tases ae 1)? 


sec '(n) > 
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rn 1 
oa eT) 
So, in general, the sum of the series 

$ (1) + $' (2) +--+ (nm), 
lies between the limits 


$(n)— (0), and $(n+1)- (1). 


or >sec™ (n+ 1)—4 and <sec™(n). 


| 0 
Thus, if g' (x) =sec’Ox, (x)= sa ‘ 
and sec?@+sec’?20+...+ sec’nd@ lies between — and 


tan(n + 1) @—tané 
7] 

throughout; and, therefore, x?<47 always, therefore 
(n+1)@0<47. This method generally giveselimits for the 
sum of any series which are of some value, except when 
¢' (x) is tending to «© at one end of the series. Thus, if 
n@ in the last be near 47, the difference of these limits 
will be large, and they therefore not of much use. 


, provided that sec’2@ increase with x 


DIFFERENTIAL CaAxcuuus. III. 


1. Ify(1+ 2’) =sin(n tan™ z), prove that 


vy a d. 
(142°) 55 +2 (n+1)0 +n(n+1)y=0; 
and thence that. 
» ay *y | 
(142%) F449 (ntr) 2+ (nr) (ntr—1) SY =0, 


2. Prove that if f(a+h) can be expanded in a series 
of ascending integral Bae of h, that expansion will be 


Fle) +1 ()+ of" (tot CF (@) + 


Expand sin(# +h) in this manner, and deduce the expan- 
sions of sink and cosh. 
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3. If f(«) and all its differential coefficients be finite 
and continuous, then will 


SF (ath) =f (x) + hf’ (@) +. + 


n—1 


ie POO) + EF (e+ 90) 


where @ is a positive proper fraction. 


If f(x) be w* and n=3, 0=4; and if f(x) be a and 


- n=8, O@>4 and < 7 aaah 0)" Prove that the limiting value 
of @ when h is indefinitely diminished is = c 


4, Deduce the series for the expansion of f(x) in a 
series of ascending powers of z. Prove that 


1 3 5 
4 log (; = =p re toe 


hae: 
: 1 1 
tonite aca} eh 


5. Give a geometrical proof of the equation 
Ff (@ +h) =f (a) + If (w+ Gh); 
and if f(a) be a+ bx + cx’, prove that 0=4. 


6. Expand 2+ Ve + nt {a + (2"-+1)}" 


in a series 


of ascending powers of x. 
The answer is 


6 
sh geet _ 9? 2 42 ae 
1+n° ate (n* — 2°) haa (n? — 2”) (n® — 4”) E +... 
7. Expand sin(m sin™ a), and cos(m sin™ a), in a series 
of ascending powers of x. 


8. Expand cot™ (+) in a series of ascending powers 
of h. 


The expansion is 


6-—hA sin ®. inde —— " sin®@ sin 20 — Wo sin’@ sin3@+.. 
[2 [3 


_ 


where @=cot™ (x), (of course being between — $7 and 37). 
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Hence prove that 
sin2@ cos’@ ~—-sin38 cos’ 8 


9. If f’ (x) continually increase as « increases, or con- 
tinually diminish, prove that f(n+1)-—j/(n) lies between 
f' (n) and f' (n +1). 


Hence prove that 


(1) ++4 th tut o> log (a+ 1) and <1+ logn, 


ann are tan (n+1) 0 


t 
(2) sec’@ + sec’20 +...+ sec’n 8 > " 9 


provided that (n+ 1) 0<47. 


-1, 


DIFFERENTIAL CALCULUS. 
INDETERMINATE FORMS. 


If f(z), & (x) be two functions of x which both vanish 
when x=a, the fraction f(x) +¢(x) becomes unmeaning, 
F(z) 
$ (@) 
limit from which it may be made to differ by less than si 
assignable quantity before e=a. Thus, 1—a, and 1-2” 
both vanish when «=1; but 


| Se Reed. Lol 

= herefore ——, - - = ~.—— 
ee pes i a 8 Tee 
which as x approaches 1 diminishes, and may be made less 
than any assignable quantity before x=1. Hence the 


but as x approaches a, will generally tend to some 


‘a= 3 tras : 
limit of the fraction <3) as @ iE 1, is 4. This 


result is generally written ( =) =5; but the correct 
meaning should be carefully bose. in mind. 
Now, in general, if f(a) = 0, we have, putting «=a +z, 
f(e)=f (a+ e=f(a) + ef (a+ bz) =2f" (a + 02), 
and so d (x) = z¢' (a+ Oz) ; 
fla) _f' (a+ 02) | 
f(x) $' (a+ 02)’ 


therefore 
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and therefore limit of 


Fase 


F (2) f (2) 
or, more correctly, limit, {~~ $ (2) = limit. (x) 


This equation is the fundamental one for determining 
the limits of functions which assume an unmeaning form. 
If f'(a) and $'(a) do not both vanish, the limit is f'(a) + $'(a), 
but if they do, we must continue the process, and we shall 


mr F@) (FO _[r'@ 
Gol wetn Wek. 


and soon so long as doth numerator and denominator 
vanish; the limit being attained when one or both are 
finite. Thus, if f(a), f' (a)... f"” (a); $(a), $'(a)...6"" (a) 
all =0, and f” (a), ¢" (a) be one or both finite, the limit of 
J (x) + Ff" (a) 
G(x) (a) 

(1) All other unmeaning forms can be reduced to this, 
thus, if f(a) = and d(a)=% 


» F(z) age + g75, which is of the form ° ; 


P(x) (x) f(x) 


and, therefore, 


sal.~Lewr* rors Ue) Fol: 
Fiestas if the limit Be finite, we shall have, dividing by 
oe aaa 1) a 


so that in this case the same rule applies as for a fraction 


of the form ; Z 


(2) The form o x 0; if 
Fla)=0, $(a)=, $@)S@=S@) +375, 


DIFFERENTIAL AND INTEGRAL CALCULUS. 73 


which is of the form 5) and to be evaluated the same way. 


If more convenient, we may reduce to the form — which 
has been shewn to be subject te the same rule. 
(3) The form 0-03 if f(a) =o and ¢(a)=0, then 


se\-o@)=se@) i-2 


now if the limit of ae be 1, this is of the form o x 0, 


and may, therefore, be treated as in (2); and if the limit 


of ta ae bo difleyent Creat 1; the limit of 7G) — b @) 


+0. Thus 
tanz , 1-—sinz 
secxz — tanx=secx (1 ~ =e) =seon (i- sin x) =————, 
sec x cosa 
Ccosx 
and when «= 47, the limit of this is (= =) or 0. 
inz x=} 


2 


tan’x 


1 1 
So also Ay cotta = (1 - ), which since we 


know that (=) is 1, takes the form «x0, and we 
tanz/ _, | 


may write this | 
sin’x—a’ cose sina—xcosx sinx+xcosx ( z\ 
a’ tan’ a ’ x *\tang/? 


the product of three fractions which all take the form : 


when x=0, but of which we know the limit of two; “e. 
(eas) =1; and ee te oe) = (S* + cose) = 2, 

tanz/,_, x me. x past 
The remaining one 


(= L—2 cose) (a —cosx+2 sin *) 1 
£=0 pee 


a 3a" 3 
i 1 3 2 
Hence (= - cot*.c) ==, 
x A OF 


The three indeterminate forms 1”, «°, 0° can be reduced 


to forms already discussed, by taking the logarithm in 
L 
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each case; for if y=u’, logy=v logu, or = see, which 


E 0 co 
becomes either — or — . v 
) oO 


The two latter cases are not essentially distinct, one 
being the reciprocal of the other; and the limit is in nearly 
all cases.l. For taking v= f(x), u=¢ (za), 


logy =f(2) log (2) = SESE) 
F (@) 
and its limit is therefore = the limit of PAE), Nps i (2) or 


P(x) if(x)} 


= — limi pz) F(a) x). w if f(a) =0 and 
logy=— 1 tof oa) Say Now if f(a) =0 and 


¢ (a) =0, the limit of a = limit of, and therefore 


the limit of F = :. ie a is 1 in all cases in which the limit 
op £2) 


$ (a) is finite; and therefore in all such cases the limit 
of logy is 0, or that of y is 1. In fact, it appears that the 


limit of y is 1 in all cases in which the limit of = ¢ Fr @) 8 
is finite; now since both f(a) and ¢ (a) vanish ane. ea, 
they can both, generally, be expanded in positive powers 
of x—a, and in such case if m, n be the lowest powers of 
x—ain f(x), d(x) respectively, we shall have 

F (2) =A (z—a)"(1+8), $(2)=B(w- a)" (1+ 6, 


where @, 6’ vanish when x= a; therefore 


f' (x) =mA (ew-a)"" (14+ 4), (x) =nB(w—a)* (1 +p’), 


where w and yw’ vanish when «=a; therefore 


F(x) P(x) _n(l+6) (+4) 
G(x) f(z) m(1+@)(1+p)’ 


and the limit when x =a is =, so that the limit of y is 1. 
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Hence, the only case in which functions which take the 
form 0° or ©° can have any other limit than 1, is where 
one or both of the functions vanish when «=a, but do 
not admit of any expansion in positive powers of x—a. 
Such forms are 
ete geo 
(a —a)" log(w—a), =“, ee, &e. 

The forms 0°, 0°, may then usually be interpreted 1, 
although one may with some trouble invent cases in which 
their limits differ from 1. Thus, if 


4 -2(222) 
u=e *, and v=1—cos2a, u’=e \ 77, 
and the limit of this when z=0 is ¢”. 
In the case’ 1°, if when a=—a, f(z)=1, ¢(v)=0', 


and y=(f(a)}*”, logy = ee) | and its limit is that of 


- 


Ss 


(x) 
¢’ (a) —f(v)P U imi f(x f(x) F 
Be) Fe) PO) limit of ey 
Now («—a) f(x) takes the form 0xo when v=a, 
F(x)l, 
F(a)’ 


there- 


and its limit = limit of —— = limit of - 
J (x) 

fore, if m be this limit, that of logy is mq’ (a), or that 

of y is e”*\”, Such forms can also generally be made 


to depend on the limit of (1 +2):, when z=0, which has 
been investigated in the first chapter, and whose limit is 


m 


e". For example, 
m ™m . m m sin’ 


(cosax)* = (cosa) = (1 — sin’) = {(1 — sin’a)"™**} ra 


Qx 


? 


mm 


and the limit when #=0 is therefore ¢%. Similarly the 


limits of (=), and (=*\" may be found, for 


sina or. a 
1) Se Rea Re ety yg 
2 6 24 aR toe 
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where wu vanishes with x, and 


where w' vanishes with x; therefore 


- (142) 
sing Oa 
(S22)? = f1-F a wf", 


and the limit is accordingly ¢~*, that of ee = oy being «7. 


The two following limits, each of which may be made 


to depend on the other, are important: 2” (loga)”, <j 


the first when «=0, the second when «=, m,n being 
both positive. Now 


x” (log x)" = (aon log x)" ; 


and limit 
1 ‘ “ 
go. (C8) =|] (22) an 
Be he > ae Aa 


coin (5). 2) ate 


until the index in the denominator becomes either 0 or 
negative, when the limit appears and is «. 

These proofs are, however, unsound, as since the result 
in neither case is finite, the proof of the rule for finding 


2 fails. They are best proved by ordinary algebra, thus 


a7 (= re (=) suppose, p denoting — 
pe Eas = = ppose, p ass Shs 
a 
Now —=- +9 4+7— x +.. 
a2 [2 
and, therefore; when x is indefinitely increased, the sum: 
Px 
of this. series is indefinitely increased, or (=) is % 3 


=o 
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pu, 2 Mx 
e 
and, therefore, also a 18 ©, Or —7 =O when x. Now 
e” 


, then when r=, 2=0, and — —, becomes 
1 

"(1)" 2” (log) 
of this when w=, and, therefore, when z=0 iso, 
therefore that of 2” (logz)” is 0, or the limit of 2” (loga)” 
when x=0 is 0. 

In conclusion, it may be mentioned that any one who is 
familiar with the ordinary expansions in series of Algebra 
and Trigonometry, will find it in most cases easier to 
determine all such limits without the aid of the Differential 


if we put < 


ee 
@)"; 


a, and since the limit 


Calculus at all. They should be reduced to the form 5 ‘ 


which can always be done, as has been seen, and if this 
happen when x= a, put a+ for x, and expand numerator 
and denominator in powers of z. The only failing case 


is of such functions as loga, ¢=, ¢2... when e=0, but 
these are quite as troublesome, if a strict proof is required, 
when the Calculus is used. 

The following is an example given in Todhunter: 
(9 + siné — 4 sin}6)* 
(3 + cos0 — 4 cos4@)’ (5) 
ferentiations if solved by the rule; now 


#+siné—4 sin4é 


; which would require 12 dif- 


=04+0—2 4... 4 (5 — ate )=-t higher powers,, 


3+cos0—4 cost0 


a ge 6* 
=841-5 4+ 5-. 4(1-5 + Gog) 
cohen 
Bigg + higher powers, 


(32)° 3-9") han 108 
Vay WB; 8 Bvae ays oh SL. 


hence the required limit is 
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I should guess no one had ever the patience to work this 
out according to rule. 

If x, y are connected by an equation, so that each is 
what is called an ¢mplicit function of the other, and 


F(x, y)=0 be the equation, the equation for finding a 
would, ‘according to the general rule for differentiating 


complex functions, be (5) * (7G) 0, the brackets 


denoting partial differentiation. If this should reduce 


ot to the form : , for a pair of values «=a, y=b, which 


satisfy the equation F(x, y) =0, it is best to putw=a+h, — 
y=b-+k in the equation, and find the value of the limit of 


: directly from the equation. Since sis Ay, and h is Az, 


this limit will be the value of a . The appearance of the 


form - indicates a multiplicity of values; and if the curve 


F(x, 7)=0 be drawn, the point will be what is called 


singular, there being two or more values of wy at the point, 


7.e. two or more tangents to the curve. 
Thus, taking an example from Todhunter, if the equa- 
tion be . 


(y* — a*) (w— 1) (w— $) —2 (y+ 2" — 2a)"=0, 
Tae (w— 1) (w—$) —8y (y'+ 2 — 22), 


AF __ 90 (@-1)(0-¥) + (y'-a") (20-4) 8 (w-1)ly"+0"—20), 


both of which vanish when 2=1, y=1. Put e=142, 
y=1+y/', and we have 

{y"— 2? +2 (y'— 2’) a (@'—$)- 2 (Y" +a" + By) =0, 
or —2' (y'—a')—8y" + terms of higher dimensions which 
vanish compared with those retained when 2 =0, y'=0. 
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Ul 


Hence the equation for (5) is 827+ z—-1=0, therefore 


__14(38) 
- AG y 
This method should always be taken. The values of = 
may be impossible; thus if the equation be a*y’=2" (a —a’), 
the equation is satisfied by x=0, y=0, but we have 
¥ =*,-1, and therefore the limit of (2) is + V(-1). 
/ x=6 
Such a point when the curve is traced should be conceived 
as an infinitely small loop or, in this case, circle, the limit 
of a finite one; for ifthe equation had been 


ay’ =x (x —b) (a’*- a’), b<a, 


there would be a loop of length 0, closing up to a point 
when b=0. 


MAXIMA AND MINIMA, 


If f(x) be any function of the independent variable a, 
and we conceive x to increase uniformly from —« to +o, 
it will usually happen that f(x) is not always increasing 
and not always decreasing, but that it sometimes does one 
and sometimes the other. Ifa, 5, c be successive values of 
x, and if as x increases from —© to a, f(x) is always 
increasing, but from a to b, f(x) is always decreasing, 
then f(a) is said to be a maximum value of f(x). If 
from w=b to x=c, f(x) is again always increasing, 
f (0) is said to be a minimum value of f(x) and .so 
on. That is, a maximum value is greater and a mini- 
mum less than all adjacent values of f(x), although a maxi- 
mum value need not be the greatest of all, nor a minimum 
the least of all values of f(x). (Of course, however, this 
may well be the case, and often is). Now if f(x) be 
increasing as x increases, f'(x) is positive; if f(a) be 
decreasing as « increases, f’(x) is negative. Hence the 
necessary and sufficient conditions for a maximum value of 
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f(x) when w=a, are that f(x) shall change sign from 
positive to negative as x increases through the value a; 
and for a minimum that f’ (x) shall change sign from 
negative to positive as a increases through the value a. 
In general, the simplest method of finding such values 
is to observe this change of sign directly, but in some 
cases, and in especial, when f(x) is what is called an 
implicit function of x, this change cannot easily be noted, 
and a different test to be explained afterwards must be 
applied. For all the functions which we have commonly 
to deal with, f/’() can only change sign by passing 
through the values 0 or 0, otherwise it would be a dis- 
continuous function, changing its value abruptly as 2 in- 
creases gradually. As simple examples of the test, consider 
the functions (1) 2° — 3x + 2, (2) (a#—a)i. 
(1) f(a) =2°—3x2+2, f' (x) =3(%+1) (x—1), when x 
has any value between —o and —1, +1, x—1 are both 
“negative and f” (a) positive, or f (a). increases with x; but 
when x passes the value —1, and before it basdets 80 
great as 1, #+1 is positive a x—1 negative; therefore 
f' (a) is negative and f(x) is decreasing. When a has 
passed the value 1, /’ (x) is again positive, and f(x) again 
increases with a Hence f(—1) or 4 is a maximum and 
f (1) or 0 a minimum value of f(z). 
@) flelm(e~ oF (@) =¥.(e— oP), when e<enF 
is negative; and when x>a, : (x) is positive; hence, f(a) 
decreases as 2 increases from — © to a, and then increases, 
and f(a) or 0 is a minimum value of f(x). 
To illustrate these results poomatrieally, draw the curves 
represented by the equations y=a°—3”%+2, y=(x-a)i 
respectively, z.e. to every distance 2 measured from 0 along 
the fixed straight line Ox, draw at right angles from its 
extremity a length y=a*—3x+2 in (1), or to (c—a)iin 
(2). In(1) OA=1, OB=-1, OD=2, BQ=4, BC=-1, 
and the curve is somewhat as in fig. 12, so that y has the 
maximum value BQ=4, and its minimum value 0 at A, 
although on the branch beyond A there are an infinite number 
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of points for which the y is > 4, and similarly on the branch 
beyond C an infinite number where y <0, @.e. is negative. 
So in general if the curve y=f(x) be drawn, if y be a 
maximum or minimum where f’ (xz) vanishes, the tangent 
at such points is parallel to the axis of «. 

In (2) since y*° = (a—a)’, we see that if y be negative, 
x is impossible; if y be positive «—a has two equal and 


opposite values, while at A, (OA=a) = is «©, 2.¢. the 


tangent to the curve at A is perpendicular to OA. Hence 
the curve is-as (fig. 13), the point A being what is 
called a cusp, and such a point always exists in the curve 
y =f (x), if f(x) has a maximum or minimum value when 
f (0) =0. 

As another example, take f(x) or y= (x+el)*(x—-1)°; 
therefore 

Ff (2) =(@+ 1)’ (@—- 1)" (4 (@—-1) +6 (e+ 1} 
=2 (a +1)’ (5¢+ 1) (x—1)’. 

Here f’ (x) vanishes when x=—1, —4, and 1; also f" (a) 
is negative from —« to —1, positive from —1 to —}, 
negative from —+ to 1, and afterwards always positive. 
Hence f(—1) or 0 is a minimum value of f(x), f(— 1+), or 
8* x 12° : 


zou? OF 1223... is &@ maximum value, and f(1) or 0 


is again a minimum value. In this case we see at once 
that y is always positive for real values of «, and, therefore, 
that 0 must be a minimum value. The form of the curve 
(fig. 14) y=f(«) in this case is somewhat as in the figure, 
where OA=1, OB=-1, OC=-1, CD=1°223.... 
In general those values of « which make /' (x) =0 or 
«© should be selected, and it should be observed whether 
the factor of 7’ (x) corresponding to each value has its index 
odd or even (if that index be integral) ; if the index be odd 
JS (%) must change sign as a passes through the corre- 
sponding value, and there will be edther a maximum or 
minimum. But if the index be even (or of the form 
M 
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2p .  eyen integer 
2g+1? “odd integer 
change sign, and, therefore, f(x) will not change sign 
as x passes through that particular value, or there will be 
neither maximum nor minimum corresponding to that 
factor. Such values being struck out of the list, arrange 
the remainder in order of increasing magnitude a, }, c... 3 
observe the sign of f’ (x) when x <a, and, therefore, x—a 
negative. If this sign be positive, f’ (a) will change from 
positive to negative as a increases through a, and f (a) will 
be a maximum, f(>) a minimum, f(c) a maximum, and 
so on, until all the reserved factors have been taken 
account of. Thus, suppose 


) that factor itself can never 


ce (w+ 8)" (a +2)° (w-+1) w (w—1) (a —2)*(@—8) 

f(a) = j ; 
(a + 4) 

so that 7’ (x) vanishes when x=-— 3, —2, —1, 0, 1, 2, 3, 
and is co when «=—4. Here the index of the factor 
x+3 is 4, of «+1 is 2, and of x—2 is 2, and none of 
these factors can change sign. The remaining critical 
values of x are — 4, —2, 0, 1, 3, and when @ is between 
—o and —4, f’ (x) has 5 negative factors and is therefore 
negative. Hence «=-—4 gives f(x) a minimum, «=—2 
gives f(x) a maximum, /(0) is a minimum, f(1) a maxi- 
mum, and f(3) a minimum. ) 

The above method gives the most satisfactory general 
rule for determining and distinguishing maximum -and 
minimum values. In a very large proportion of geome- 
trical applications, the nature of the question tells us at 
once whether the result is a maximum or a minimum, - 
especially when there is only one solution of either sort. ~ 
For instance, if PQ is a straight line drawn through a 
given point A and terminated by two given straight lines 
Ox, Oy, and the maximum or minimum length of PQ 
is required, it is manifest that when the straight line is 
drawn parallel to either Ox or Oy the length of the line 
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is infinite, hence there must be a minimum length in some 
intermediate position. 

Another criterion for distinguishing maximum and mini- 
mum values is found as follows: f(x) being a function of 
the independent variable x, f(a) is said to be a maximum 
value of f(x), if it is greater than all adjacent values of 
F(x); ae. if we put a+h or a—/A for a, then the results 
are both less than f(a) when h/ is taken sufficiently small. 

Hence, for a maximum 


Fla+h)—f(a), and f(a-h)—f(a), 
are both negative; and similarly for a minimum are both 
positive. But if f(x) and its differential coefficients be 
Jinite for values of x between a re a be h, 


fla+h)=f (a) +2f (a) tid f" (a+ Oh) ; 
h 
[2 
fia—h)—f(a)=-f" + af" (a 6h). 


Now, if f’ (a) be finite, since we can by diminishing 2 make 

the second term of each of these numerically less than the 
_ first, these two expressions must have opposite signs when 
h is taken sufficiently small. Hence, there can-be neither 
maximum nor minimum unless f’(a)=0. If this be so, 
Ff (at+h)—f (a), and f(a—h)—f(a) will, when / is suffi- 
ciently small, have the same sign as f’ (a). But for a 
maximum both must be negative; therefore for a maximum 
value f(a), we must have f’ (a)=0, and f” (a) negative. 
So, for a minimum, f'(a)=0, f" (a) =a positive quantity. 
If f” (a) =0, and in general if all the differential coefficients 
up to the (n— 1)” vanish, while (a) is finite, we have 


S(ath)-f — f" (a+h), 


“iat 
f(a-h)-f (a ae (a— 6h), 


or f(ath)—f (a)=4f' (a) + f" (a4 Oh); 
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and when A is sufficiently small, these will be of opposite 
signs if n be odd, and there will be neither maximum nor 
minimum; but of the same sign if x be even, and that 
sign the same as the sign of f"(a), which must therefore 
be negative for a maximum and positive for a minimum. 

Hence, for a maximum or minimum value f(a) of f(x), 
an odd number of the derived functions f' (a), f" (a), 
f(a), ..» must vanish, and if so, the sign of the first, 
which remains finite, will determine whether f(a) is a 
maximum or minimum, yiz. if it be negative, f(a) is a 
maximum, if positive, f(a) isa minimum. _ 

As a simple example of the use of this method, suppose 
yis a function of a given by the eo x+y? — Beary = 0, 


dy | 


hence (y” — az) as —ay=0, and Oe (a) a= =( when 


a” = ay, and therefore 

y? = 8any — x = 3axy — axy = 2axy, 
therefore y=0 or y°=2ax. If we take y=0, we have 
x=, and therefore = becomes (one of the true values is 


0 and gives a minimum), but taking 7’=2az, therefore 
y’ =4a°a* =4a*y, or y*’=4a", and therefore 2*=2a*, To 


l*y 


find the corresponding value of f” (a) or oY 2) differentiate 


the equation again, rejecting the terms involving dy 


p as a 
factor since it is 0, and have (y’ dy 
actor since it is 0, and we have (y*—az) Tat t 2e=0, 
d* d” 4 
or since y*° = 2ax, ax a +2x2=0, or a —* ake =; therefore 


the value 43a is a maximum value of y. (To find whether 
the value y=0 is a maximum or minimun, it is better to 
consider the equation directly ; when y is small the term y* 
may be neglected compared with the others, and we have 
approximately 2° — 3axy = 0, or a* — 3ay=0 as an approxi- 
mation form of the relation between w and y. Here we 
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should have qy _¢ ee a , and therefore y=0 is a 
de da® 3a 7 
minimum value of y. For cases in which “J takes the 


dx 
form 5? , this method should always be used, putting a+ 


for x, and 6+y for y, if a, 6, be the values of x, y, 


for which dy 5) . The corresponding curve is repre- 


dx 0 
sented in fig. (15). 

In finding the maximum or minimum values of any 
quantity, care should be taken so to choose the variable in 
terms of which the quantity is expressed (that is, of which 
it is a function), that it may be capable of all values. _For 
instance, if w= f(z), and z be itself limited in value in 
any way, being a function of x, an independent variable 


capable of all values, then «= F(z), and e = J” (z), but 


dz 
du pao du : Aj 
a = Ff" (2) Tx? and although -P =0 when fF’ (z) =0, this 


may not furnish the true maximum or minimum values, 


which may occur when — a =0, for which —— a =0; for in- 


dx dx 
stance, suppose P (fig. 16) is any point on a fixed circle 
whose centre is C, O any other fixed point, and we seek 


the maximum and minimum values of OP. Take CN=z, 
CP=a, CO= ¢ then 


OP* = ON* + NP* = (c- ‘ay + a — a" 
=cC+a'—2cHn=u, | 
then oH —2c which can never change sign. But in this 


case x is not capable of all values being limited to values 
between —a and+a. If we make our independent vari- 
able the angle OCP(=@), which may have any magnitude 


whatever, we have u=a"+c’ — 2ca cos@, and ke = 2ca sin 6, 


which changes from — to + as @ increases through 0, and 
from + to — as @ increases through 7, hence 0=0 gives 
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ua minimum, and @=7 gives u a maximum, as is obvious 
geometrically. In case of any failure by such a choice 
of independent variable, it is sufficient to look for the 
maximum and minimum values which the Byes selected 


can have, for ifw=/F(z) and z=¢(za), OH =P (2 ) ' (x), 


and will generally change sign when ¢' (x) does, that 


is when ¢(x) or 2 is a maximum or minimum, the only 
exception being when #” (z) changes sign at the same time 


as d' (x). 


DIFFERENTIAL CALCULUS (4). 


1. If, when 2=a, f(x) and ¢ (x) each =0, prove that 
the limit of the fraction f(a) +(x), when a approaches 
the value a, is equal to the ag of f' (x)+¢' (x). Also 
prove that the same rule holds if f(a)=o and ¢(a)=a. 


-), and of its first 


derived function when x=0 are 4, 4 respectively. 


Prove that the limits of * log (< — 
x x 


2. Shew how to reduce fractions which assume the 
form 0 x0 or o—o, fora certain value of the indepen- 
dent variable, under the rule in (1). Prove that the limit, 
when x= 0, of x” (logx)” is 0, and that of - _ — is 2. 

1 sin x 
(477—2z) cosx cos*a 


Find the limit of 


when 7 = 47. 


3. Prove that the evaluation of the limits of functions 
which take the unmeaning forms of 1%, «0°, 0° can be 


, : 0 
made to depend on functions which take the form 5? and 
prove that the limit of u’, where uw and v each tend to 0, 


is always 1, provided the limit of « — i =v ag is finite. 


da” da 
Find the limits of (sind), (tan0)“"", when 0 = 47, 
and of (1—cos@)*"* when @=0. 
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4, If f(a)=1 and d(a)=~, and the limit of (x—a) d(x), 
when x= a, be m, then will the limit of {f(a)}# be 2". 


5. Define a maximum or minimum value of f(x) a 
function of the independent variable x, and prove that 
JF (a) will be a maximum value of f(x), if f’(x) change 
sign from positive to negative as x increases through the 
value a; and a minimum if f’ (x) change from negative 
to positive. 

Find the maximum and minimum values of 


(10x — 6) + (w+ 1) (w+ 3), 


proving that the maximum value is 1, and the minimum 
25; and explain how it happens that the minimum is 
greater than the maximum. 


6. Find all the maximum and minimum values of 
tan’ x 
tan 3a 
possible to haye, as appears in this case, two successive 


, « lying between 0 and 7, and explain how it is 


os 37 om 
minimum values (e== ; =] : 


fo oe “eine vs , and changes sign not only when 


sinz and cos4a= 0, but also when cosz = 0}. 


. i : 
7. Prove that the expression xv has a maximum value 
when #=<«. 


8. A parabola is drawn having double contact with 
a given circle; prove that when the area included between 
this parabola and the tangent to the circle perpendicular 
to the axis of the parabola (DPAP'D’ in fig. 17) is a 
minimum, the latus rectum of the parabola is equal to 
the radius of the circle. 

(If 4m be the latus rectum, a the radius of the circle, 


a’ = OP? = CM’ + MP” = 4m’? +4m.AM; 
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therefore 
* 8 2 2 2 
AB=AM+MC+ CB=" tt onan : 


Am 4m ? 


therefore 
BD’ =4m. AB=(a+ 2m)’, or BD=a+4m, 
hence, area of parabola cut off by DD’ 
3 
= 44B.BD= Seat 


m 


to be made a minimum by variation of m). 


9. Find the minimum chord which can be drawn in 
a given ellipse normal to the ellipse. 
[If 2a, 2b be.the axes of the ellipse, a cos@, db sin@ the 
point at which the chord is normal, and 2u its length, then 
, ab’ (a’ sin’ + b” cos*@)? 


“(a sin’@ +b cos0)?? 


and 

Ee Cee te 3 2 (a’ + B*) 
sao er ee la sin'0+0'cos'O a@sin"O40" ata 
__ (a= B) sin 8 cos {a" (a? 26") sin”@ — 2° (2a"- 2%) cos} . 


(a* sin’ 6 + b* cos’ @) (a* sin*@ + 5° cos’ 9) ‘ 


and, therefore, = changes sign when 0=0, @=a, 0=47, 


a® — 2? 


; 9 2 Oh é 
0=7—a, where tana =< af | = 7) » and since when 


6 is a small negative quantity = is positive, 0=0 gives a 


maximum, 6=a a minimum, @= 47 a maximum, 0=7-—¢@ 
a minimum, 0=7 a maximum (same as =0), and so on. 
This assumes that a*> 20°, otherwise tana is impossible; 

du 
dO 
or the major axis is the only maximum and the minor axis 
the only minimum normal chord. See fig. (18), where PQ 


and if a®<2b", — changes sign only when @=0 and @=}7, 
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is the minimum, corresponding to =a. AA’ is a maxi- 
mum, and BB’ also a maximum, being greater than all 
adjacent ones. When a’= 20°, P, B, P' coincide, and BB' 
becomes the minimum ]. 


CHANGE OF THE VARIABLE IN A DIFFERENTIAL 
EQUATION. 


Differential equations may often be much simplified, 
and even reduced to a form in which we _knew the solu- 
tion, by a change either of the independent or dependent 
variable. It is hardly worth while giving the formule for 
such changes, as they should always be effected, not by 
substituting the particular case in the formule, but by 
following the method indicated. 

If an equation involve x a and we wish 

yA tae tts 
to change the independent variable to z, z being a given 
function of a, (or x of z), we have first 


— — 
— ——s—_—_—— Si 


either of these may be used according as z is given in 
terms of x, or x of z. 
Whence differentiating both sides, with respect to x, 
we have 
dy dy Te, de dy ae dy ae | (any ay 
da* dz da dx dz dx dz da*' \dx) dz*’ 
da d*y dy d’« dx d*y dy d*x 
dz dz? dz dz* dz dz dz dz dz 


‘g es ey, da da \* 
(Z. -(z) 
So ay dy d’z 3 d*y dz d*z (Sf) d’y 

. da dz dx* ~~ dz* dx da*.' \dx} dz? 
dx d*y dyd’x dx (= d*y dy of) 


Te dit 7 de dB dz \dz dz’ dz dz 


(a) (Sy ee 


from which the method is sufficiently apparent. 
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: d’ d 
Ex. (a’—2’) det? de. +m’*y=0, where x=a cos8, 


——  —— 


a A ed 1 dy\ dé 
therefore 98 =~ Ga (cand ) dis? 
Bey 2 I Bight ead Fae 
: dct * a sin’@ do? a sin®O dO? 
therefore (a* — x”) of =a’ sin’ @ oe = ae — ae a 
dy _ =1o dy _ to Y 
oe sa Oo ee memory rs cotd 7; 
_ dy. dy ug 
therefore (a" — x’) Tt ~ © de = de? 


and the transformed equation is 4 + imn*y = 0. 


6? 
We will now use the other method, putting @=cos™ (=) ; 
: a 
dy dy dé —1 dy. 
therefore ia Sy a la é ay a3 
dy__ dy 
2 san SOS 
therefore V(a— a )a ae a 
therefore | ae 
hire pe ee vs dy_._ dyd@_—_—1\_sdly 


dct N(a'-2)de d@ dx /(a*— a") de’ 
or ita as) £8 3 See 


so that in this case the second method gives the result more 
readily, but there is not usually much to choose between 
them. 


As an example of changing both dependent and inde- © 
pendent variables, take the equation 


me i d 
(142%) 52 4+2(n+1)e% +n(n+1)y=0, 
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and let (1) e=tan@, (2) y=2z cos"@, then 


d. 
Sao : Er F or (l+a° 


therefore (1+ at) $4 +20 oo ty 


dy d’y 


Ao 
or  (t+2") Ze TY son(tta he ee ee 
» YY _ 5, Y 
also 2nx (1+ x’) 5 = 2n a, tand, 
therefore : 
ay dy _ vy’ dy 
(1+ 2”) ag eS Bl ge ant On! oe 


Zz dy - dy dy 
or (142") 5 TL 4 a(n+1)2@ = 7g! 098 "6+ 2n sin 8 cos0 
and the equation after the first change is 


2 


ey cos’ 6 + 2n sin9 0080 +m (n+ 1)y=0. 


de?’ 
Next dy = ng @2 _ z cos’ 6 sin@, for y= "6 
ext, cos” 76” in @, for y =z cos" 8, 
TY _ cost age? 2n cos” 0 EA % 
de” de’ dQ 


+ nz {(n—1) cos" ”@ sin” @ — cos” 6} ; 


d*y dy 
ada cos’ 6 es +2n sind emale 76 


dz 
Sere ~2n cos" sind = + nz cos"@ (n sin? @ —1) 


d? d@ 
mee dz 
+2n cos’ 6@ sind = — 2n*z cos’ 6 sin’ @ ; 
also n(n+1)y=n(n+ tb) 2 cos’ @; 


therefore, adding, 


0 =cos"”@ s +n’z cos’ @ (1 — sin’ @) = cos" 0 {75 +n “+ 
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and the final equation is 


dz 
a tne =0, 


whence z= A cosv + B.sinn8, so that the complete solution 
of the original equation. is 


y =(1+a°)* {A cos(n tan“x) + B sin (n tan™z)}. 


Differential equations involving , ao” 2 w+, are much 
simplified by taking 2 =¢", for 
dy dy _dx_1\ dy dy dy 
da dz dz «dz? dx dz’ 
d’y dy dy 
therefore erat 7 = ae Dp 


ty dy dy _d/d . 
therefore <x or Se ee “(4- 1)y ; 


ty opty _1 d(d dy 
therefore sie Bs <1 4 Oe pI agheh sp aes ee 1) 2 


 gFY gaty (tin fay 
a ott a= (Z-1) (Z) » 
dy sd a? d d 
a ($- 1) fa9-2(Z-1) Sy 


--) ys 


and so on, the general formula being 
nd. dy d (d d d 
oiy. 3 (2.1) (do) oe 


GEOMETRICAL APPLICATIONS. 


If x, y be any point P ona curve, + Az, y+ Ay a 
contiguous point Q, (XA, Y) coordinates of any point R on 
the straight line PQ, then, as in fig. 19, | 
LB ee ae 
Pi~ Pot X=2 Ag? 
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z.e. the equation of the chord PQ is 
Y-y= = * (X-a), 


and the equation of the Rez at P is the limit of this 
when @ moves up to P, or is 


Let w be the angle which the tangent at P makes 


with the axis of x, then tany = also cosy = limit of 
— PQ. 

Bo = limit of pg? but the limit of ——— aoe PON is 1, or if 

the are of the curve measured from va fixed point up 

to P be s, and arc PQ= As, 

Ac arcPQ dz 


OOF Ses, po ee PQ > ds? 


and similarly sina = z, : 


If the curve be referred to polar coordinates, SP=r, 
ASP=0, Q (fig. 20) a neighbouring point whose coordi- 
nates are SQ=r+ Ar, ASQ=0+ AO, then 


QL r+Ar—rcosA@ = are QP 


QP As ‘ chord QP" 
Now (1 —cosA@) =2 sin’ = , 
2 si e 
oe 1—cosA@ _ 23 . Ad 
Bei A 


or vanishes in the limit; therefore, if ¢ be the angle SPT’ 
which the tangent at P iakes with the radius vector, 


dr 


cosh =a, 
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and similarly sing = limit of sin SQP= limit of ap 
snA@ are QP _ dé 


= limit of r - Aes. ae ope t 
dé 
and tand=r—. 


(Of course since «=r cos0, y=r sin@, these results could 
be deduced from the former in w and y, and it will be a 
useful exercise so to obtain them). 

- Hence we have the equations 


= (Z) +(@) -(@) +03) 


or if ¢ be any other variable in terms of which we can 
‘express a, y; 7, 0, 


ds\* (dx dy dr dé)" 

(a) = (@) + @) =) +): 
It is often most convenient to express 2 and y the 
coordinates of any point of a curve in terms of y, the 
angle which the tangent makes with the axis of x (or any 


other fixed straight line). Thus, if the curve be the 
parabola 


he dy 2a _ 
y = 4ax, da” y = tany, 
or y=2a cotw, x=a cot'y. 


In this case it is better to put }r—y for y, so that 
will be the angle which the tangent makes with the axis 
‘of y, and we shall now have a, y, y start together; and 


c=a tan", y=2a tany; 


dx _ 2a 2a sin 
therefore dp = 2a tany sec’ = carpe 
qy ae shores <* = ee 


dap cos*ap? dy cosy? 
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(s and yy increasing fecciben is positive) from which 


7 


the are to any point may be found, 


s=2a ay = 2a | dtany 

-2e( Sh = ony 2h a) 

2 smy  [1— cos Pal : 

— io | cosy ay| A 
therefore | 


2s = 2a (ary + <¥) ei (= + log tan (= + a} 


cos cosy sap 4 
/ +(C=0) (s=0 when y=0), 
or s the arc measured from the vertex to any point is 
a lary + log tan (= + a ‘ 
Thus the are from the vertex to the end of the latus rectum 
_ =a[v (2) + log(v2+1)}. 
Again take the catenary 


Cc 2 1 _2 
y=s(@ +e), = 5 (@—e%) =tany, 


therefore ec =tany+ secy s also e« =secy — tan W, 


and Terk w=c log tan(Z+¥), 
dy _csinp dy ds ds | 
dy cos ds dy ay diy? 
ds c 
therefore i ied 


and s=c tany measured from the lowest point of the curve. 
Next take the four cusped hypocycloid 2? + yi=a!; any 
point on this curve may be represented by 


x=acos 0, y=a sin’; 
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therefore 

dy dy _dx _ 3asin’@ cos0 _ . ; 

dz d0° dQ —3acosOsind — end at 
therefore 9=7—- , or if the tangent at P (fig. 21) meet 
the axis of xin L,9=a—2PLa=zPLO. Hence 
OL=0N+ NL =a cos’8 +a sin’ cot 


=a cos@ (cos’ 8+ sin’ @) =a cos8, 


or LM=a, the most important property of the curve, that 
the part of the tangent intercepted between the axes is of 
constant length. Again «=—a cosy; therefore 

dx ds ds 

Ap dy = cosy dy . 

ds sin’ 

dy 28 
measuring from the point where ~=03 @e. x=a, y=0.- 
This curve is generated by any point on a circle of radius , 


dx é art 
is sny cos y= 


or = 3a sin cos~; therefore s=3a 


; Which rolls within a circle of radius a, giving an equal 


branch in each quadrant, the length of which is na or the 


length of the whole curve is 6a. 


CuRVATURE, KApIUS OF CURVATURE. 
8 
y 
whatever, and ~ the angle through which the tangent 
turns as the arc s is traversed; hence the curvature of any 


v 
s ? 
and we may take this conveniently as the measure of the 
curvature; and the are s or the angle ¢ may be as large 
or as small as we choose. So, in general, in any curve, 
s, » having the same meaning, the average curvature of the 
vy 
8 ? 
of the tangent in passing over the arc s, hence the average ~ 


Tn any circle the radius is equal to — if s be any are 


circle, being inversely as the radius, is proportional to 


are s is —, since this would give the same total deflection 
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curvature of a small are As at the end of the former arc 
will be =, and if we diminish As indefinitely, we have, 
finally, the curvature at the end of an are s of any curve 


Ae © - = 
is ay , or the radius of curvature, 7.e. the radius of the 


ds 


; : . ds 
circle which has the same curvature as the curve is ae 


This can, of course, be expressed in terms of (x, y), since 


sect oY ee {i+ (A) toe 


hence the curvature is 


dy _dy ds _dy_{,, (a0) 
‘ds dx dx dx dx | E 
ds ds 


In forming this we have assumed that ens ry 

positive, which will apply to a curve with its convexity 
ds 

towards ‘the axis of x; if ip be negative, as in a curve 
whose concavity is towards the axis of x, the curvature is 

d* dy ie ee 
- —— + ji (2 2)" . Some prefer giving algebraic sign 
to the curvature’ and consider it positive when it turns 
from the axis of x, and negative when it turns towards 


the axis of x. ‘This is however of slight importance. 
ger a expression for the radius of curva- 


ture is p+—~, , where p is the perpendicular from a fixed 


He 
point on the tangent, and yas before. In fig. 22 OY is 
perpendicular on the tangent PZ' at P, ON=ax, NP=y, 


NM, NZ perpendiculars on the tangent and on OY, then 


p= OY=0Z-—YVZ=O0Z-—MN=«x sinyy — ¥ cosy, 
O 
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therefore 
ae =x cost y siny 


dx dy 
(ag sin yr — fe J cos which = 0 for Yhap) 


= ZN+MP=YP=perpend. from O on the normal at P, 


dp ‘ 
I =-axsny+y cosy 


+15 cosy + dy Z sinyy which By vr + sin” ¥) 


= xy since a = cosy and = sin v 
— ds 2 
Sr dup? 
dp _ ds 
therefore _ Ptay ie me x 


dp . . 

Hence we have s= 50 + Indy, and since dy is the 
perpendicular on the normal at P, we shall have for the 
whole are of any closed oval curve without singular points, 


so that the curve re-enters as soon as yf is increased by 27, 
27r d. E 

that the whole perimeter = | pdvy, since Ps will have 
0 


the same value when y= 0 as when W = 27. 

Since the normal at P (fig. 23), as P occupies succéssive 
positions on the curve, will touch some curve or other, let 
Q be its point of contact, QY’ perpendicular to PQ will 
be ee normal at @ to this curve, and since we have seen 
that a is the perpendicular from O on PQ, if we call this 


Dp; Abe perpendicular from O on " normal at @ will be 


dy? but w'=47r+y, and p= a3 therefore fie per- 
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pendicalar from QO on the normal at Q= ao = 0 | ae 
ae = PQ), or PQ = radius of curvature 


at P, or Q is the centre of curvature at P. This proves 
that the centre of curvature at P is the limiting position of 
the point of intersection of the normals at P, P’ when P’ 
moves up to P. 


therefore Y Y'=p+ 


_ DIFFERENTIAL COEFFICIENTS OF AREAS, VOLUMES, 
_ SURFACES. 


(1) Let U be the area intercepted between a curve 
y = > (x), the axis of x, the ordinate at any point P (fig. 24), 
and some fixed ordinate aA, 


OM=x, MP=¢(2), ON=x2+ Ax, NQ=¢ (x+ Az), 
then U=AaMP, U+ AU=AaNQ; 
therefore AU=area PMNQ, 


which for all forms of the curve, provided ¢ (a) is finite, 


will lie between (x) Az, $(@%+ Az) Ax, when Aw is 


taken sufficiently small; or = lies between ¢ (a), and 


® (a~ + Az), or “=$ (x), or U=| (x) dx where Oa =a. 


If U be the area included between the curve, the 
radius vector to a point P (fig. 25) and some fixed radius 
vector OA, where > | 


zOA=a, OP=r, XOP=80, OQ=r+ Ar, XOQ=04A8, 
U=areaAOP, U+ AU=area AOQ, 
AU=area POQ=triangle POQ in the limit, 


(this means not that they are equal because both vanish, 
but that their limiting ratio is one of equality), 


=4(r+ Ar)r sin dé; 
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AU sin A@ 
: aay & 
therefore Ad to AG (r+ Ar), 
dU 


7 being a known function of @. 


(2) Let V be the volume generated by the revolution 
of AP (fig. 24) about the axis of x, then AV will be the 
volume generated by the revolution of area PMNQ about 
the axis of x, which will always, when Az is small enough, 
lie between the two cylinders whose common axis is IN, 
_ and radii respectively AZP, NQ, or between 


m(y'Ax) and w (y+ Ay)’ Az, 
or 24 lies between zy’ and 7 (y+ Ay)’, 


e779) Var{l (f@)iae, 


(3) If S be the area of the surface generated by the 
revolution of AP (fig. 26) about the axis of 2, then AS~ 
will be the area generated by the revolution of the arc 
PQ or As, and since each point of this are is at a distance 
from the axis of «, which lies between y and y+ Ay, 
therefore AS must lie between 


_ As.2ay, and As.20 (y+ Ay), 


AB is As ) As 
OP ears lies between 2ary a and 2a(y+ Ay) res: 
dS ds 
therefore ale gaat 


5 s=2n [f@).,/41 4 (2) ae 


mon f VOL+{f (al) F(a) de 


(4) Let U be the area generated by the revolution 
of the area AOP (fig. 26) about OA, let fall Pd per- 
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pendicular on OA, and produce MP to meet SQ in RL, 
then SP=r7, AOP= 6, SQ=r+ Ar, ASQ=04 AP, ed 
the volume generated ¥ the revolution of POQ is 8U, 
but the volume generated by the area PQH vanishes in 
the limit compared with that generated by POR, hence 
AU=ultimately the volume generated by POQ=volume 
generated by MOR — volume generated by MOP 


_=-— 477’ sin’@.r cos + 47 {r cosd.tan(@ + AO)}’r cosd 
= _ 40r’* cos@ (— sin’@ + cos’@ tan’ é’) 
sin(0’ — @) sin(@’ + @) 


= ior’ cosé. cost’ 
ae Pee sin A@ (sin20+A0@) _ 
i cos’ 0’ : 7 
ee sin(20+ A@) sinAd 
therefore 77 bes dar® cos @. cos'(@+A0)’ AG” 
dU , sin20 ‘ 
76 $ oT Be 2arr sind 
: ) 
therefore U=37 | 7° sin 0d6, 


r being a known function of 0. 

As an example of the use of all these formule, take the 
curve Yay" = (x+ a) (@— 2a)’, which is of the form given, 
(fig. 27) 


18ay Y = (@—2a)+2 (0 +4) (a — 2a) = 3 (aw — 2a) a, 


dy  «(x—2a) _ x (x — 2a) 
de Cay 2W{a(a@+a)(x—2a)}*? 
dy am x 


or 


de *2/{a(e+a)} 2 {a(a-ta)\’ 
if we take the lower branch BAP, or 


x 
nw = 9 fa(e+a)}} 
me x oN 
therefore sin’ = 4a (x+a)+ x° ic (=a) , 
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or =+siny =sin ¥ on the same branch as before, 


x 
a+ 2a 
when (w=—a, p=—in, c=0, p=0), 
2a sin 2a 
ee aaah 1—siny 2a, 
2a x ds 
therefore ay x ie sey = 3 , Ae = cosy ed 
a = ae 
dy = (= sing? 
ke =2a[ dé 
1 —siny)" , (1+ 0s 0)*? 


therefore 


Ww 
therefore s=2a | 

slo ( 
if 0=4r+y, or 


d tan3é 
arcVBAP= 2a | oa 10 = 
=a(tan}6 +4 tan’ 40) 
=e 2a sin@ 24cos@ 


a {(1 +tan’16) dtan4@ © 


=atan'}é@. (1434 


1+cosé 3 1+cos0'1+cos0 
_ 2a cosy (2 — sin) ; 
~ 38 (l-snypy * 
; a Fe 2a siny .. 
Now Ree eS [—siny? 
2 
therefore  MK=MPcot~=— aa 


and OM= vi (72*) (2-20) 


2a 1+siny\ 2 sinf—1 
ee AVA Gees 1—siny 
_ 2a cosy (2 sin — 1) , 
= 3 @ — gin y)? ,] . 
3 eee: {3 (1— siny) + (2 snp —1)} 


2a cosy (2 — sin ) 7 
= 30 p= sin) — =arcV BA, 


therefore OK= 
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MP 2a 


= MP + 2a, 
7.e. the normal intercepted by the axis of y exceeds the 
abscissa by a constant quantity. The radius of curvature 


2a Be c.% 
(l—sing)’ 2a 


— 
— 


or « PK. 
For the area of any part of the loop, 


A=3| eo) (2a —x) dx, or if 2 +a=az’, 


a 


fe 2 5 
A = $a" | z (3 — zt) Bede =“. (2*— =) 
‘ 


Be ee fat SEE rt a ly 


3 a a 5a’ ed / (a) 
hence the area of the whole loop is Ah a’. 


The volume generated by the revolution of the loop 
ad 2 Tea fe 2 
Pug fi (x + a) (w— 2a)’ dx = 97 [ 2 (3-2) dz 


wa’ (81 6.27 81 
= (S-3 td) 


4 
Also the area of the surface generated by the revolution 
of the loop é | 


= 2m | y F dey 


ay Oe ee Ts, tt (24 - 
dx 2{a(e+a)}’ I=% af a )-( a—x); 
Sey Sree. 

ty 6° oe ’ 


therefore 


therefore 
2 


2 p2 : 
area = 20°F | (4 — 2”) da = m {12 — 3} = Bara. 
ai 
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Be Nae of the centre of curvature are -. 


_2asiny  2asiny _ — 2a.sin*y 
2-5 dy in Vs 1—siny (1—siny)’ (1—siny)?’ 
; Ps _ 2a cos¢ (2 siny — 1) 2a cosy 
y+ ap 8S aq seney | ae 
4a cosy 


= 3 foamy neh , 
. 2 2 . 3 
ne Cs 2a sin 2 y— 16a (7S), 
(1 — siny) 9 \l-sny 
from which the equation of the locus of the centre of cur- 
vature is readily found, 


—2X\  2sny . 
Ven. 
therefore 1+4/ (= 4) (= =) aah 
a 4a 
3Y\i - (-2X 
teas 
The curve represented by this equation is also drawn in 
fig. 27. 


DIFFERENTIAL CALCULUS. (5). 


1. The tangent to any curve at a point (2, y) makes 
with the axis of w an angle whose tangent is S cosine “- : 


and sine H s being the are of the curve measured from 
a fixed point to the point (x, y); also the tangent makes 


with the radius vector at a point (7, @) an angle whosé 


tangent is 7 i cosine wh and sine r et 

8 dr’? ; Wala ds ° 

2. Prove that the length of the tangent at any point 
of the curve z?+y?=a! intercepted between the axes of 
coordinates is always a. 

3. The curve 9ay’ = (x +a) (w— 2a)’ is such, that if at 
any point P the normal meet the axis of y in A, and PM 
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be perpendicular to the axis of y, 


PK = NP+2a; and if KPN=0, NP= 27°84 


1—cos@° 


4, Ifs be the arc of a curve measured from any fixed 
point to the point (x, y) or (7, @), then will 


(2) 21+ (2), (4) =r+(8) 
7) ‘ ea do) ~" 8) 
Prove that the whole are of the curve x +y* =a? is 6a, 
and that of the curve in (3) measured from the vertex 


(VBP) is equal to OX. 


5. Find the differential coefficients of the area of any 
curve (1) included between the curve, the axis of x, and 
two ordinates; (2) between the curve and two radii 
»U—@ 
a+x 
is a” (2—47r); and the whole area of the curve 7” = a’ cos20 
18 a’. 

6. Find the differential coefficients of the volume, and 
of the area. of the surface generated by the revolution of 
a given curve about the axis of z. If the curve be that 
in (3), the volume generated by the loop is 37a’, and the 
area of the surface generated is 37a’. 


7. The origin of polar coordinates is S, SA is (fig. 28) 
a fixed radius vector, P any point of a curve, SP=r, 
ASP=6, and U the volume generated by the revolution 


vectores. ‘The area of the loop of the curve y*=2” 


of ASP about SA; prove that on 2orr” sin 0. 


The volume of the spherical sector included between 
a-sphere and a cone of vertical angle 2a, with its vertex on 
the circumference, and its axis passing through the centre 
= a *(1+.cos’@) sin’ @. 

8. If NP (fig. 29) be the ordinate, PG the normal, 


terminated by the axis of « at any point P of a curve, and 
P 
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NP be produced to p so that Np=PG, then the area of 
the surface generated by the revolution of the curve about 
the axis of «=2ma x the corresponding area of the curve 
traced out by p. 


If the curve be the catenary 7 =5 (e +l e~%), the point p — 


will lie on a catenary ¥ =; + - (ec +e7«). 


Contact of Curves. 


If (a, y) be a point P (fig. 30) common to two curves, and 
if when we increase x to «+ da the corresponding values 
of y in the two curves are y + dy, y + oy’, then the equations 
of the two being y =f (x), y=¢ (x), we have ~ 


y+ Sy =f (a) +f" (x) dx4+f" Et +f" (w+ 8a) =, 


y + by'=h (x) +G' (x) da +...+ $° Onin oe 
Now f (x) = ¢ (x) since the point is common to both curves; 
also they will touch each other at the point if f’ (2) = q’ (a), 
in which case they are said to have contact of the first 
order. If also f" (x) = ¢" (a)...f" (x) rad (a), the two 
curves are said to have a contact of the n" order. In such 
a case, if OM=a2, MP=y, ON=2+ 6a, NQ= y + dy, 
NQ =y + 8y’, then 


0Q'= by — By = (9"" (w+ 08s) —f*" (2+ OBA) TS 5 


ze. if we call ALN a small quantity of the first order of 
smallness, QQ’ is a small quantity of the (n+1)” order; 


1.6. 00) tends to a finite limit when 62 is made =0. If 
NQQ' meet the tangent at Pin #, then 


NR =f (x) + dx.f" (x); 
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therefore : 
RQ=f' (w+ 632) hee RQ= 8" (w+ 68x) 2 ice 
therefore z Q cei is As Oe) 


RQ ob" (a+ 082)’ 
or the limiting ratio of RQ: RQ’ is f" (x) : $” (a). 

Hence if two curves touch each other at (a, y); and, 
therefore, f’(x)=¢' (x), then if also f’(x)=q" (a), the 
curves will deflect from the tangent at the same rate, or 
will have the same curvature at the point. This is, there- 
fore, the same thing as having contact of the second order. 
This of course is obvious from the expression already found 

2 
for the curvature :. = {1 + () fe which is the same 
for all curves in which, at a given point (a, y), = and 75 


have the same values for the different curves. The circle 
of curvature may then be defined as the limiting position, 
when @Q moves up to P of a circle which touches the curve 
at P, and passes through a neighbouring point @ of the 
curye, or since touching at P is the limit of meeting the 
curve in two points which ultimately coincide, we may 
also define the circle of curvature as the limit of the circle 
which meets the curve in three points Q, P, Q’,. when 
Q, Y both move up to P. In just the same way any 
curve which meets a given curve in (n+1) points of which 
P is one, will in the limit, when all the points move up 
to coincidence with P, have contact of the n™ order at P, 
and the order of contact which it will be possible to give to 
a curve of any defined species will depend on the number 
of points which suffice to fix such a curve, being one less 
than that number. ‘Three points completely determine a 
circle, so that circles can only be made to have contact of 
the second order. Four points determine a parabola, and 
we can, therefore, draw a parabola having contact of the 
third order; and similarly an ellipse or hyperbola having 
contact of the fourth; and an epitrochoid of the fifth order. 
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Hence, to determine directly the position and dimen- 
sions of the circle of curvature of a given curve at a given 
point, we have to find a circle (1) passing through the 


point (x, ¥), (2) having the same value of = , (3) the same 


value of oe, as the given curve has at (a, 7).. 


Let, then, (a, 6) be the coordinates of the centre (fig. 31), 
and ¢ the radius of this circle, then if (XY) be any point 


on this circle (X-a)’+(Y—b)?=p’, also the values of 
dY dV 
7X? gxz the point (XY) are found from the equations 


dy dY ay 
X-a+(¥-2) =o, 1+(5) + (Y-2) an. 


Hence, to determine the circle of curvature of the given 
curve at (xy), we shall have the three ea 


(c-a)'+(y-I*=p', (2a) + (y-9) = 


and therefore 
“ss V(a—aP+y— 6] +p 


Me Oe Gi Oy 


so that a, 6, p are completely determined. 
These equations are more symmetrical if we take s the 
arc of the curve as independent variable. We shall then 


have - | 
(a2 — a)? + (y —D)?= pr .rcvrseveescreee (1),. 
(e~ a) . +(y- a) =0 ssenscovenee (2), 
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a, b, p are functions of s determined by these three equa- 
tions; if we change the position of (x, y) on the curve, 
we shall of course alter their value. To investigate the 
law of these changes, differentiate equation (1), taking 
account of (2), and we have | 


da Go <dp 
(x—a) aot (y—6) ds =P gg (4), 


and similarly from (2), 
da de, db dy _ 
ds ds’ ds ds 
Now the centre of curvature will, as (7, y) moves on 
the curve itself trace out another curve called the evolute 
of the former, and the tangent at (a, b) to this curve 


makes with the axis of w the angle tan” (5) , which 


by (5) =tan™ (- 7) the same as the normal at (a, 7). 


But (a, 6) lies on the normal at (a, y) (either by equation 
(2), or because the circle whose centre is (a, 6) touches the 
curve at (x, y)), hence the tangent to the evolute at (a, d) 
is the normal to the curve at (#, y). Again by (5) and (2), 
we have 


- gna_y-b_ Wiw- af + y= 5h} 


= 2 JG) 


ae 
=) 


dp do . 
therefore at Page - 
therefore p=ict. 


This proves the property for which the locus of the 
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centres of curvature is called the evolute, namely, that the 
original curve may be generated by a point in an inex- 
tensible string which is kept tight and wrapped on, or 
unwrapped from the evolute. — 

-For suppose OO' (fig. 32) is the curve locus of the 
centre of curvature, O the centre of curvature at P, O' at 
P', PO=p, P'O'=p', o the are BO measured from 
some fixed point of the evolute, then since, in this figure, 
o increases as p decreases, we must take the negative sign, 
and therefore 


p+o=C; 
therefore arc BO +OP=areBO0'+0'P, 
or OP-O'P=arc00, 


or if PO be imagined a tight inextensible string, this 
string’ will just wrap on the evolute as P moves along 
the arcPP'. If, on the other hand, o be measured in 
the opposite direction = are A O'O, then o and p increase 
together and the positive sign must be taken, hence 


p=a+C, - 
hence PO-arcAO=PO'-arcAO, 
or PO-PO'=are00, 


as before, of course. All this may easily be proved geo- 
metrically by considering a curve as the limit of a polygon, 
and considering the curve traced out by a point of a string 
unwrapped from the polygon. 

The original curve is called an involute of the locus 
of the centres of curvature. ; 

It is manifest that every curve will have a definite 
evolute, but an infinite number of ¢nvolutes forming a 
system of parallel curves, such that P being any point 
of one of the curves, the others may be traced from it 
by always marking off the same fixed length along the 
normal at P. 

Several other formule for the radius of curvature may 
be deduced from (1), (2), (3). 
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dx\" (dy 
Since (F =r) + (2) = 1, we have 
da d*x , dy d’y | es 


2 ds ds* 2 ds ds* 
therefore 


ty te dedy ye | [rm , (ey 
a. ae ds ds* ds ds* <f ds* a) 


= FG Oo JG) 


d” d’x 
Y-) Bte-4) FB 
¥ dx 


dy | 
w—a_y-b. ae ae _ iw ah + y—0)) 


22 /@@ (eo) 


dix dy 
therefore (y — 5) Pa (~2—a) Te = EPs 
; d” 
_and since (y —) ae (@- a) aa at 
each of the quantities above = = or 
1_ a _ a _ded'y_dy@a_ /{(@a\", (dy 
p de dy ds ds* ds ds" <i Gale Gae 
ds ds ; 
These results are most readily found as follows: 


therefore ee =—siny dp _ _ sin 
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if s, yr increase together, so 34 = ma therefore 


dy  d°x 


1_ ds ne ds* _dxd*y  dyd’x (52) +(33 7 
p da oy aes ds da* ds ds* =,/ ds* a) ) 


ds ds 
dx _ cosy | siny dp 
So also. ete 7 pds? 
THs. ORY, OSes 
ds? rz: p* p. ds? 


ay (dy 1 dp 
therefore (=) + (53) = r, 1 + ( =) } ; 


(Gz) + (t= G pz] +528) +G2)- 


The centre of curvature may also be defined as the 
limiting position of the point of intersection of normals. at 
consecutive points. The equation of the normal at (x, y) is 


hence for the normal at a consecutive point («+ da”, y+6y), 
the equation is é 
dy d’y 
(Y-y - by) (4 + 57 0u +. .) + X-2-80=0...(2) 
Hence at their point of intersection, making dz indefinitely 
small, 


or | Y-y= ay? 


2 
bho(dy 
and therefore X-2=- 7 pn 
y 
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or (X, Y) is the same as (a, 6). Hence also if O be this 
point (X, Y), P the point (x, y) at which the normal is 
drawn, 


PO=(X—al + Y—yf) ={14 (yy +P 


x 


the radius of curvature as before. 
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1. What is meant by contact of the m™ order between 
two curves at a point. If two curves have contact of the 
n” order at a point P, and NQQ' be an ordinate near P, 
meeting the curves in Q, Q’, the limiting value of the ratio 
QQ’: PQ" when Q, Q' move up to P will be finite. If 
two curves have contact of an even order, they cross at 
the common point; if otherwise, not. 


2. Explain why a circle cannot in general be made to 
have with a given curve at a given point a contact of 
higher order than the second; and prove that if it have at 
any point contact of the third order, the radius of curvature 
will be a maximum or minimum at the point. Prove 
that a parabola can be found having contact of the third 
order, and an ellipse or hyperbola haying contact of the 
fourth. | 


3. Obtain the equations determining the centre and 
radius of the circle of curvature at any point («, y) of 
a given curve. If s be the are of the curve to (a, y), 
and p the radius of curvature, then will 3 


ds ds 
4 dx 2 d’y 2 
=/\(e) +(B) hs 
“da 2 d*y 2 # 1 dp 2 
eS (ae) + (3) a {! +(3) . 
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4, If p be the perpendicular from the origin on the 
tangent, and ¢ the angle which the tangent makes with a 
fixed straight line, then the perpendicular on the normal 


; dp bp ods 
will be dd’ and the radius of curvature = p+ dg ag 
Hence, prove that the whole are of a closed curve without 


singular points = | pdbd. 


5. The radius of curvature of the ellipse =f + - =1 at 
the point (a cos@, b sin) is (a* sin’ 6 + 3° cos’ 6)? + ab, and 
a® — b° 


the coordinates of the centre of curvature are 


Bi a, : 
“4a sin*@. The centre of curvature lies on the curve 


(aa) + (by)* = (a*— b°)*. 


cos’ 6, 


6. If normals to a curve at P, Q meet in O, the limit- 
ing position of O when Q moves up to P will be the centre 
of curvature at P. Hence, prove that the radius of cur- 
vature of a parabola is 2a sec’@, 4a being the latus rectum, 
and @ the angle which the normal makes with the axis. 


7. In the curve y= 4c(e*+¢7.), the radius of curvature 
at a point where the tangent makes an angle ¢ with the 
axis of a is c sec’, and if the normal at P meet the axis of 
x in C, PC will be equal and opposite to the radius of 
curvature at P. 


~ 


8. The equation of the conic of closest contact at any 
point of a given curve referred to the tangent and normal 
at the point as coordinate axes is Az’ + 2Hxy + By’ =2y; 
the values of A, H, B being 


1 dp jal, 2 (@y_14 


2 
p’ 3p ds’ p mitabe > 
where p is the radius of curvature at the point and s the 
arc to that point from some fixed point. 


FUNDAMENTAL THEORY OF COUPLES. 


By A. G. Greenhill, M.A. 


Two equal, parallel, unlike forces make a couple. 

The arm of a couple is the perpendicular distance 
between the forces. 

The mement of a couple is the product of either force 
into the arm. 1 


I, The moment of the forces of a couple about any 
axis perpendicular to the plane of the couple is constant 
and equal to the moment of the couple. 

The moment of the forces (fig. 33) in the direction of 
the rotation of the couple about 


0. is P.O,B, — P.0,A,=P.A,B, 
O, is P.O,A, + P.O,B, = P.A,B,, 
O, is P.O,A, — P.O,B, = P.A,B,, 


If. A couple may be replaced by any other like couple 
of equal moment in the same or a parallel plane without 
altering the effect. 

This is proved by shewing that two unlike couples in 
the same or parallel planes will ‘balance if their- moments 
are equal. 

Let each force of one. couple be P and of the other Q 
(fig. 34). Let ABCD be the parallelogram formed by the 
lines of action of the forces. 


> 
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Draw AW perpendicular to CD and AN to BC; then 


because the moments are equal 


Px AM=@Qx AN; 
therefore wa bs eae ee 


therefore the resultant of Pand Q acts in AG. Similarly 
the resultant of P and Q at C acts in CA, so that the 
resultants balance each other.. 

Hence the two couples balance each other; and, there- 
fore, two like couples of equal moment in the same. plane 
are equivalent. 

If the forces of the couples were parallel we must 
suppose. the couples like, and take a third couple unlike 
and of equal moment, with its forces not parallel to the 
forces of the two couples. 

Then this couple will balance each of the two couples,’ 
and therefore the two couples are equivalent. 

Next suppose two unlike couples of equal moment in 
parallel planes. 

We may always replace them by two couples of equal 
moment having equal and parallel arms and forces. 

Let any plane be drawn cutting the forces in the points 
A, B, CO, D (fig. 35). 

AB is equal and parallel to CD, and therefore ABCD 
is’ @ parallelogram of which the diagonals bisect each other 
at their point of intersection O. 

The resultant of P at A and P at C is a parallel force 
2P at O;, and of P at B and P at D is an equal parallel 
but opposite force 2P at O, hence the system is in equi- 
librium. 

Therefore two like couples of equal moment in parallel 
planes are equivalent. 

Hence the resultant of any number of couples in the 
same or parallel planes is a couple, in a parallel plane of 
vnoment, equal to the algebraical sum of the moments of 
the couples. 
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‘III. To represent a couple by a straight line— 


(i) In point of application. The position of a couple 
with respect to a point is arbitrary, hence the straight 
line may be drawn from any point. 


(ii) In direction. The straight line must be drawn at 
right angles to the plane of the couple, and in the direction 
of translation of a right-handed screw which has the same 
direction of rotation as the couple. 


(ui) In magnitude. The length of the straight line 
must be proportional to the moment of the couple. 

This straight line is called the axis of the couple; the 
axis is therefore a straight line drawn from any point at 
right angles to the plane of the couple, of length pro- 
portional to the moment of the couple, and in the direction 
of translation of a right-handed screw which turns in the 
same direction as the couple. 


IV. To find the resultant of two couples represented 
by their axes OG and OH (fig. 36) describe a parallelo- 
gram on OG and O# as adjacent sides, then the diagonal. 
OK will represent the axis of the resultant couple. 

_ For, let the planes of the couples intersect in the line 
AB, and take AB as the arm of each couple, and P and 
Q as the forces. 

Find the resultants & of P and Q at A, and of Pand 
Q@ at 6; the two resultants are equal and opposite, and 
ppnstitats the resultant couple. 

OK is perpendicular to the plane of this couple, and 
if OG=P.AB, OH=Q.AB, then will OK=R.AB; ‘and. 
therefore OX is the axis of the resultant couple. 

Hence, to find the resultant of any number of forces, 
find the resultant of their axes by the parallelogramic 
law. 

The resultant, therefore, of a system of cousins in the 
same plane, or in parallel planes, is a couple of which the 
moment is the algebraic sum of the moments of the separate 
couples. : 
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This is evident, independently, if we resolve each couple 
into two forces acting at the ends of an arm common 
to all the couples, when the forces of the resultant couple 
will be the algebraic sums of the forces. of the component 


couples. 


THE END. 


W. METCALFE AND SON, PRINTERS, GREEN STREET, CAMBRIDGE, 
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